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ABSTRACT 
The sea-level v e r t i c a l muon d i f f e r e n t i a l momentum spectrum has been 
measured using the J)urham spectrograph MARS i n the region 20 GeV/c to 
500 GeV/c. The instrumental biases have been studied i n d e t a i l and allowances 
made f o r the p a r t i c l e detector- i n e f f i c i e n c i e s to render to measurement 
absolute. 
A simple muon production and propagation model has been used to predict 
the pion and kaon production spectra from the muon spectrum measurements. 
I t has been found impossible to f i t , with any degree of significance, a constant 
exponent power law pion and kaon production spectrum, having a reasonable 
value of the K/TC r a t i o (0.15). A better f i t i s obtained i f the exponent i s 
allowed to increase with momentum, and i n p a r t i c u l a r a model with two values 
of the exponent has been f i t t e d . 
The muon spectrum has been axtrapolated both above ond below 500 GeV/c 
and 20 GeV/c respectively, and at low momenta good agreement i s found with 
the recent "form f i t " of De et a l . (1972). The present results are compared 
with previous and contempary measurements of the muon spectrum with the 
conclusion that there i s no evidence, from other recent measurements, that 
they are incorrect. Comparison with surveys of i n d i r e c t measurements at higher 
energies however suggest that the muon spectrum cannot continue i n t h i s 
enhanced fashion much beyond 1000 GeV. 
Fi n a l l y an absolute i n t e g r a l rate experiment has been performed using 
MARS as a range spectrograph, and the in t e n s i t y above 7»12 GeV/c i s found 
to be in agreement with a previous s i m i l a r measurement made with the 
instrument. Further i t i s concluded that the in t e n s i t y at t h i s momentum i s 
i n agreement with the extrapolation of the d i f f e r e n t i a l spectrum measurements 
below 20 GeV/c. 
i i 
PREFACE 
The work presented i n t h i s thesis represents that carried out i n the 
period 1970-1975 while the author was a research student under the supervision 
of Dr. M.G. Thompson i n the Cosmic Hay Group of the Physics Department of 
the University of Durham. 
The MARS spectrograph was i n an advanced stage of construetion when the 
author joined the group i n 1970, most of the electronic c i r c u i t r y and the 
magnets themselves having been constructed. Since then the author has played 
a part i n the construction and running of the instrument„ f o r the purpose 
of the work described i n t h i s thesis, and has been solely responsible f o r the 
analysis and i n t e r p r e t a t i o n of the experimental data r e l a t i n g to the muon 
spectrum. The work described i n t h i s thesis i n f a c t represents the f i r s t 
stage of the MARS spectrograph programme, the measurements having been made 
with the "low momentum" system which i s eventually to be used as the momentum 
selector system f o r the "high momentum" (up to 5000 GeV/c) measurements. 
Preliminary results from these analyses have been presented at the 
X I I I International Cosmic Ray Conference i n Denver, U.S.A., (Ayre et a l . , 
1975)• The work i n t h i s thesis represents fu r t h e r analyses and i n t e r p r e t a t i o n 
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1.1 H.i. s t o r i c a l !Hack gro nn d 
The f i r s t indication of radiation from outside the earth came, at the 
beginning of the century, with the observation of a small conductivity in 
gases at e l e c t r i c f i e l d strengths at which they should have exhibited perfect 
insulation. The theory that t h i s v;as due to natural r a d i o a c t i v i t y from the 
earth was disproved by the balloon borne experiments of liess (1912) "ho 
shoved that the ionization, measured with an electroscope, increased with 
a l t i t u d e above certain height. To account for t h i s , Hess proposed the 
revolutionary theory that i t was due to radiation from outer space, l a t e r to 
be known as the 'Cosmic Radiation 1. 
At the time the radiation was assumed to be Y- rays, these c o n s t i t u t i n g 
the only penetrating radiation known. Measurements made on the v a r i a t i o n 
of the i n t e n s i t y at d i f f e r e n t geomagnetic l a t i t u d e s , (the l a t i t u d e e f f e c t ) , 
showed thst the radiation ras predominantly charged (iiothe and Kfllhorster, 
19-9) f.nd a study of the rates of a r r i v a l from an easterly and westerly 
d i r e c t i o n , (east-west e f f e c t ) , indicated a surplus from the l a t t e r , showing 
the greater proportion to be p o s i t i v e l y charged (Johnson and Street, 1933). 
The i n t e r p r e t a t i o n of both these effects i s based upon the interaction of the 
charged p a r t i c l e s v:ith the earth's magnetic f i e l d , and the theory of Stoermer 
of charged p a r t i c l e s i n a magnetic f i e l d has been extensively used i n 
t h i s d i r e c t i o n (Johnson, 1936). 
That a l l these p a r t i c l e s could be electrons was doubtful when i t was 
found they could be c l a s s i f i e d into hard raid soft components on t h e i r a b i l i t y 
to penetrate 15 cm of lead. The soft component was indeed shown to be 
electrons but the hard component was much too penetrating at the energies 
measured, using range-energy r e l a t i o n s with cloud chambers, and they were 
subsequently i d e n t i f i e d as being p a r t i c l e s intermediate i n mass between 
V * M. 
2 
protons and electrons, and were named mu-mesons. Later the term meson was 
dropped when they were found not to belong to this class of elementary p a r t i c l e s , 
and they were re-termed muons. 
The study of cosmic radiation progressed rapidly over the next few 
decades. The bulk of the primary radiation ( i . e . the radiation actually 
incident on the earth's atmosphere) was found to be protons which were 
observed to i n t e r a c t with atmospheric nuclei leading ultimately to the muons 
o r i g i n a l l y detected. Many new p a r t i c l e s were discovered in t h i s secondary 
radiation,notably the positron (Anderson, 1932), the a n t i p a r t i c i e of the 
electron predicted by the Dirac theory, and the pion (Lattes et a l . , 1947) 
which proved to be the p a r t i c l e proposed by Yukawa to be responsible f o r the 
nuclear 'glue' which binds together nucleons i n nuclei. Other more exotic 
p a r t i c l e s , such as a so-called strange p a r t i c l e , the A° , were also discovered 
(Rochester and Butler, 1947). 
1.2 Importance_of_Cosmic Ray Studies. 
The study of cosmic rays natura l l y divides into two parts, the study 
of the actual primary radiation, and the study of the secondary ra d i a t i o n 
produced i n the interactions of the primaries with the atmosphere. Invest-
igation of the f i r s t i s mainly carried on with detectors flown high in the 
atmosphere wh i l s t the second i s more able to be studied at ground l e v e l . 
In the second category there are again two main divisions, f i r s t l y the study 
of extensive a i r showers (electromagnetic cascades i n the atmosphere 
emanating from the TT° p a r t i c l e s produced i n the nuclear interactions high 
in the atmosphere), and. secondly the study of ind i v i d u a l p a r t i c l e s , the most 
abundant being the muon; such a study being the subject of t h i s thesis. 
The properties of the muons generally measured are t h e i r momentum 
spectrum and charge r a t i o (the r a t i o of positive to negative p a r t i c l e s ) , 
which are important f o r two main reasons. F i r s t l y to study the properties 
of the muon i t s e l f , e.g. i t s electromagnetic interactions with matter, and 
secondly to combine the information with the cosmic ray primary spectrum and 
hence be able to i n f e r something about the nuclear physics occuring i n the 
interactions of the primary nucleons with the atmospheric muclei. Conversly, 
i f the nuclear physics is known, then predictions can be made concerning the 
primary cosmic ray spectrum. In order to understand what i s involved,consider 
f i r s t what i s known, to date, about the various ingredients of the problem, 
that i s the primary spectrum, the nuclear interactions of the p a r t i c l e s , and 
the propagation of the secondary particles,produced i n the interactions, 
through the atmosphere. 
1.3 The Primary Spectrum 
10 
At energies ~10 eV where s a t e l l i t e measurements have been possible 
the composition of the radiation i s found to be ~86,;o protons, ~ l l y i helium 
nu c l e i , and ~1?' heavier nuclei. A small proportion of other pa,rticles such 
as electrons and Y- ray quanta have also been detected, and i t i s known that 
there i s a large f l u x of neutrinos which prove extremely d i f f i c u l t to detect 
due to t h e i r low cross section for i n t e r a c t i o n . Iron i s the most abundant 
of the heavier nuclei though nuclei as large as uranium have been detected 
(Fowler et a l . , 1967). Comparison with universal abundances of the elements 
in the universe shows that there i s a.n excess of the l i g h t e r elements (Li,Be , J i ; 
i n cosmic rays, which are believed to come from the fragmentation of the heavier 
nuclei i n passing through the small amount of matter ( ~ 4 g cm ~) from t h e i r 
aoui'ce to the earth. The actual source of cosmic radiation i s s t i l l the 
subject o f much speculation, the most generally acceptable theory being that 
they originate i n supernova (e.g. the Crab Nebula), one of the d i f f i c u l t i e s 
w i t h t h i s being i n the explanation of the attainment o f the highest energies 
observed, (-10^ eV). Up to l O 1 ^ eV t h e r e does not seem to be any evidence 
f o r a change i n composition. 
Greisen (1965) has produced an i n t e g r a l energy spectrum which i s shown 
in figure 1.1. The f l u x i s found to decrease very rapidly with energy and to 
be isotropic at energies i n excess of ~2 x 10*^eV. Measurements up to 
12 
10 eV have beBn made using balloon and s a t e l l i t e borne detectors and as 
such are d i r e c t . At higher energies the measurements are generally less 
d i r e c t being based upon measurements of secondaries at sea level or mountain 
I 1 I 
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F I G U R E 1.1 The Primary Cosmic Ray Spectrum 
(after Gre isen , 1 9 6 5 ) . 
12 a l t i t u d e s . Some di r e c t measurements have been made above 10 eV with the 
PROTOK series of s a t e l l i t e s (G rigorov et a l . , 1971) but with results -.vhich 
so f a r have not met with universal acceptance, and which seem to give a steeper 
slope to the int e g r a l spectrum (Y~~1.7) with sharp steepening of the proton 
12 
component above 10 eV, a r e s u l t which i s contrary to the constancy of the 
composition. The experiments of Ryan et a l . (1972), again with s a t e l l i t e 
detectors, also give a steeper slope { — 1 . 7 5 ) i n t h i s region, though without 
the f a l l o f f of the proton component. At the highest energy, measurements 
are made from observations on extensive a i r showers, i n general counting the 
number of p a r t i c l e s . Measurements made near maximum shower development 
are the best, since there i s least dependence on the inte r a c t i o n model used 
at that point, and i t i s found that the number of par t i c l e s i s roughly 
proportional to the primary energy, the absolute c a l i b r a t i o n depending upon 
the model used. 
3 5 
Below -3 x 10 eV Greisen gives the in t e g r a l i n t e n s i t y as 
lO'^lO^V*5)^*^ s~*nT2sr~''' at which energy there i s a dramatic change 
in slope from -1.6 to -2.2, the in t e n s i t y thereafter being given by 
—10 17 2 2 —1 —2 —1 
2 x 1C" (10 /E) " s m'^sr" . This change i n slope i s generally 
believed to be due to the i n a b i l i t y of the gametic Ka^netic f i e l d s to contain 
the various types of p a r t i c l e s as t h e i r r i g i d i t i e s are exceeded. At around 
18 
3 x 10 eV the slope i 3 again seen to revert back to -1.6 the i n t e n s i t y 
being given by Greisen as 4 x 10"-'-^(10^^/E)^• ^  s~^m"^sr"^-. Such an increase 
was believed to be due to an extragalactic component but since the discovery 
of the 2.7°K radiation i n i n t e r g a l a c t i c space (Roll and Wilkinson, 1967), 
19 
and as a consequence of the onset of photomeson interactions at -6 x 10 eV, 
20 
a sharp cut o f f in the spectrum has been predicted (Greisen, 1966) at~10 'eV. 
Several primaries have been i n d i r e c t l y observed with such large energies 
(e.g. Suga et a l , , 1971) but due to the obvious d i f f i c u l t y i n measuring 
such large a i r showers the results are i n question. The point of t h i s i s 
20 
that i f primaries are observed with energies ^10 eV then they are most 
l i k e l y galactic and possible production mechanisms capable of creating 
these high energies have been c i t e d as quasars or pulsars. 
5 
1.4 Nuclear Interactions 
A cosmic ray nucleon on c o l l i d i n g with an atmospheric nucleus may 
int e r a c t producing secondary p a r t i c l e s (mainly pions and kaons). The 
nucleon i t s e l f may or may not undergo charge exchange ( i . e . a proton becoming 
a neutron or vice-versa), and on average w i l l lose h a l f i t s energy. Uther 
p a r t i c l e s such as the so called strange p a r t i c l e s or p a r t i c l e - a n t i p a r t i c l e 
pairs may also be produced but with such i n s i g n i f i c a n t p r o b a b i l i t y as to 
be ne g l i g i b l e . Accelerators provide the best method for studying these 
interactions and so f a r the maximum energy attained i s that of the CERW 
I.S.R. ( i n t e r s e c t i n g stoi-age r i n g s ) , which have reached an equivalent 
laboratory energy of 1.5 x 10 1 2 eV. The I.S.R. u t i l i z e s two c o l l i d i n g 
proton beams, and hence suffers from the disadvantage that only proton-
proton interactions can be studied. For cosmic ray purposes neutron i n t e r -
actions, and nucleon-nucleus interactions are also of importance. Another 
accelerator which operates at f a i r l y high energies i s the conventional 
N.A.L. accelerator i n the U.S.A.. This can accelerate protons to energies 
of 3 x 1 0 ^ eV, and has the advantage that d i f f e r e n t materials can be used 
a.s target material,which i s closer to the nucleon-nuclei c o l l i s i o n s ocouring 
i n the atmosphere. 
Empirical models of nuclear interactions have been formulated i n the 
past, the most extensively used (e.g. de Beer et a l . , I966) being the 
C.K.P. model (Cocconi, Koerster and Perkins, I966), which was based upon 
accelerator, measurements from the conventional GERN machine up to 3 x l u * ^ eV, 
and assumed an exponential d i s t r i b u t i o n of energy among the secondary 
p a r t i c l e s with some mean energy depending upon the incident p a r t i c l e energy. 
This model predicted an Ep4 dependence of secondary p a r t i c l e m u l t i p l i c i t y 
on the incident energy Ep. Modern ideas are along the lines of scaling 
(Feynman, 1969)» which assumes a l i m i t i n g shape to the energy d i s t r i b u t i o n 
when the energy i s expressed in the parameter x, which represents the actual 
energy divided by the maximum energy that the secondary could have. Thus x 
6 
varies between 0 and 1. A logarthmic dependence of m u l t i p l i c i t y upon energy 
i s predicted by t h i s model, Some support f o r scaling has come from CKftN 
l.S.R. results (see review by Jacob, 1973) though attempts to reconcile 
i t with certain cosmic ray 'measurements, e.g. the charge r a t i o of muons 
at sea l e v e l , do not seem to be quite so successful, (Hume et a l . , 1973). 
However what i s becoming clear i s that accelerator results are now 
approaching the energy regions where in co-operation with cosmic ray results 
they rosy produce seme i n t e r e s t i n g ideas both as regards the nuclear physics, 
and the primary spectrum of the cosmic rays themselves. 
1, 5 Propagation through the /rumosphere 
As indicated, the most important p a r t i c l e s produced i n the interactions 
are the pions and kaons, p a r t i c u l a r l y those charged, since they po t e n t i a l l y 
may decay into muons. The shape of the muon spectrum at sea lev e l depends 
upon the way i n which these p a r t i c l e s propagate through the ata-osphere, 
Apart from decaying into muons, the pions and kaons can also i n t e r a c t snri 
hence be.lost to the cause of muon production. This competition between 
intersection and decay depends upon the angle of incidence of the p a r t i c l e 
t r a j e c t o r y through the atmosphere, and upon the relevant energies involved. 
The angular dependence arises becs.use of the density per unit path length 
decreasing at large angles and'hence the int e r a c t i o n p r o b a b i l i t i e s decreasing 
thu3 allowing more pions and kaons to decay int o muons. This i s the so called 
" Sec " enhancement at large angles. In opposition to t h i s we have 
the fact that as the energy increases the cross section for nuclear i n t e r -
action also increases,hence at high energy the muon in t e n s i t y w i l l deex'ease 
due to t h i s increasing p r o b a b i l i t y of an i n t e r a c t i o n . At very low energies 
the muon in t e n s i t y also decreases due to the p r o b a b i l i t y of the muon 
decaying into an electron. Due to the d i f f e r e n t properties of the pion 
and kaon, p a r t i c u l a r l y t h e i r mass, at high energies and at large angles the 
muon spectrum becomes sensitive to the rs.tio of kaons to pions at production. 
Cosmic ray measurements of t h i s r a t i o have been made i n the past by comparing 
the spectrum at large angles with that i n the v e r t i c a l d i r e c t i o n (e.g. 
Osborne, 1966) with the r e s u l t that the r s t i o i s found to l i e between 
0 and /\Q~'. The uncertainty basically conies from the s t a t i s t i c a l uncertainty 
on the v e r t i c a l spectrum measurements i n the energy region >100 GeV 
where the spectrum i s sensitive to the K / T T r a t i o , and t h i s provides 
another reason f o r studying the v e r t i c a l muon spectrum. The I.S.it. measure-
ments seem to indicate a K/TC r a t i o of 15% in t h i s energy region ( b e r t i n et a l . 
197?). In theory j t should be possible with s u f f i c i e n t s t a t i s t i c a l precision, 
to measure the K / i t r a t i o from the v e r t i c a l spectrum alone, p a r t i c u l a r l y 
at very high energies. However, so far no experiments have been reported 
which hnve had s u f f i c i e n t precision to enable t h i s to be done. 
A recent suggestion, which i n part led to the building of several 
high energy cosmic ray muon spectrographs was that of the Utah group 
(Bergeson et a l . , 1963), who proposed from t h e i r observations, that there 
was some process by which rnuons were being produced d i r e c t l y from the primary 
interactions and not via pion or kaon production. The evidence f o r t h i s 
X-process has since been disproved by the same group a f t e r modifications 
to t h e i r underground apparatus. However, as stated e a r l i e r , the e f f e c t 
did lead to the construction of several large spectrographs, of which 
the subject of t h i s thesis i s one, and the construction of which should 
prove to be v-ell j u s t i f i e d i n other f i e l d s apart from the Utah e f f e c t . 
1,6 Absolute Determination of the Spectrum 
In order to be able to make a satisfactory comparison between the 
predicted primary spectrum and that observed, and consequently make some 
deductions about the nuclear interaction model assumed, i t i s necessary to 
know the absolute value of the predicted spectrum. This of necessity e n t a i l s . 
an absolute determination of the muon spectrum. In many previous experiments 
(e.g. Hayman rmd 7/olfendale, 19o2), workers have been unable to ascertain 
the gbsolute value of e f f i c i e n c i e s of t h e i r apparatus, p a r t i c u l a r l y using 
geiger tubes, or cloud chambers. Instead i t had become practice to normalise 
the measured, spectrum to some previously established value, using the 
d i f f e r e n t i a l point at 1 GeV/c as given by Rossi (the so cr-.lled Rossi 
point), or to the inte g r a l i n t e n s i t y of Greisen at 0.3 GeV/c (the Greisen 
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po i n t ) - Recently a number of measurements,prompted by the work of Allkofer 
et a l . (1970), have shown that the Kossi point i s probably underestimated 
by -20f*. This underestimation has been at t r i b u t e d to the scattering e f f e c t 
in the apparatus. 
Another problem with normalisation i s that i f the measured spectrum 
does not happen to have energy values i n the region of a previously established 
point, then i t i s necessary to normalise to some point on a d i f f e r e n t 
spectrum which has i t s e l f been normalised at yet a further point, thereby 
probably introducing systematic errors via the intermediate spectrum. I t 
i s more preferable i f a spectrum can be a t t r i b u t e d an absolute value in 
i t s own r i g h t . -In t h i s present work an attempt has been made to make the 
spectrum measurements absolute. Other absolute measurements have also been 
made i n the l a s t few years by several workers [e.g. A l l k o f e r et a l . , 1971). 
The results of t h i s .together with the recent determination by Xandi and 
Sinha @.972)» are shown i n figure 1.2 where they are plotted in terms of 
P^ l ( p ) . Also shown i s the best f i t l i n e of A l l k o f e r , which was f i t t e d to 
data from 0.2 to 10C0 GeV'/c 1 assuming a constant exponent of the pion 
production spectrum and no kaon production. As can be seen the precision 
of these measurements i s poor f o r >100 QSV/C and generally there i s 
disagreement between the two even down to 20 GeV/c. 
The present experiment,even though i t does not extend the energy 
range covered at a l l , does increase the s t a t i s t i c a l accuracy i n the higher 
energy regions quite appreciably, as well as doing away with the afore-
mentioned problems of the absolute value. Also contained i n t h i s thesis 
are the results of an absolute i n t e g r a l rate experiment at -7 GeV/c. 
1.7 The KARS Experiment 
In 1968 construction began on the 5000 GeV magnetic automated research 
spectrograph ('-;ARS) at the University of Durham. Since that date, building 
has been in progress, and at various stages during the construction experiments 
have been performed with the apparatus as i t stood at the time. The f i r s t 
of these experiments was i n 1970 when events were photographed using the newly 
9 
in s t a l l e d flash-tube tra.ys. This was primarily intended to test the various 
parts of the spectrograph, and preliminary results on the spectrum and 
charge r a t i o were published at the 1971 Cosmic kny Conference at Kobart, 
Tasmania (Ayre et a l . t 1971(a)). Also from these, and other photographed 
events, an experiment was performed on the electromagnetic interactions 
of the muon i n the iron magnet blocks, (Grupen et a l . , 1972). 
For a description of the spectrograph see Chapter 2, where i t w i l l be 
explained UAItS consists of two momentum determining systems. One i s the 
low x'<»aolution system which forms part of the instrument's momentum selection 
system, but which also provided the opportunity of spectrum and charge 
r a t i o measurements, before the instrument was completed. The results from 
t h i s part of the experimental programme are the main subject of t h i s thesis. 
The other, momentum determining system i s used f o r measuring the energies of 
the high energy p a r t i c l e s , and at the time of w r i t i n g has only jus t begun 
to operate, and i t w i l l be some time before results s t a r t to emerg?: from 
t h i s high resolution system. Since iSARS consists of a large mass of iron 
i t was also possible, as mentioned, to do an absolute rate experiment; that 
i s to measure the int e g r a l muon rate above the operative c u t - o f f energy 
of the iron absorber. The re s u l t s of one of these absolute rate experiments 
have also been presented at the Hobart Conference (Ayre et a l . , 1971(b)). 
As there was some disagreement between these results and those of other 
workers, notably Alikofer, i t was decided at the beginning of 1973 to repeat 
the experiment completely independently. The results of t h i s repeated 
experiment are presented i n t h i s thesis where i t i s concluded that in fact the 
previous measurements were correct. 
The interpretation of the data from the low resolution system as regards 
the momentum spectrum have been the re s p o n s i b i l i t y of the author and comprise 
the main body of t h i s work. Preliminary results were presented at the 
Denver Conference on the spectrum (Ayre et a l . , 1975) » since then the 
data have been re-analysed i n greater d e t a i l , p a r t i c u l a r l y with regard to 
the flash-tube e f f i c i e n c i e s , and the momentum-deflection relationship. The 
conclusions reached are fundamentally the same as those i n the above 
1 0 
publication but the numerical values w i l l be found to be s l i g h t l y d i f f e r e n t . 
An important point which must be realised when considering the present 
work i s that the '•.'AI?S apparatus was not in fact designed f o r t h i s experiment, 
and that t h i s i s only a very small part of the whole project. The spectro-
graph wa.s designed to have a. maximum ef f i c i e n c y i n the very high energy 
region ~-5^00 GeV,, and in t h i s high energy region the analysis techniques 
w i l l be quite- d i f f e r e n t . However, due to the great s t a t i s t i c a l accuracy 
which could be obtained i n the ~100 GeV region,and because there i s some 
disagreement as to the shape and absolute height of the spectrum i n t h i s 
energy r e g i o n , i t was decided to u t i l i s e KAfiS to measure t h i s region of the 
spectrum. In fact d i f f i c u l t i e s arose not with the s t a t i s t i c a l errors on 
the points but rather with the int e r p r e t a t i o n of what exactly happened aa 
the p a r t i c l e s traversed the spectrograph. This i s a problem which w i l l 
occur in a l l very large spectrographs, i n which the instrumental biases 
become considerable, and may go some way to explaining some of the 




THE MAES SPECTROGRAPH 
2.1 Introduction 
The MRS spectrograph has been described i n several other publications 
(Ayre, 1971, Ayre et a l . , 1?72 ( a ) , ( b ) ) , consequently i n t h i s chapter only 
a very b r i e f description w i l l be given with references to the other works 
at appropriate places. Attention w i l l be concentrated mainly upon those 
elements p a r t i c u l a r l y relevant to the understanding of the part of the 
experiment to be described, i . e . the aforementioned low resolution system. 
For completeness, however, i n i t i a l l y an overall picture of spectro-
graph w i l l be given. 
2.2 General Description 
Figure 2.1 shows a f r o n t and side view of the spectrograph. In short 
MARS i s a multilayer s o l i d i r o n magnetic spectrograph consisting of four 
iron electromagnets, i n the form of rectangular blocks, interleaved with 
p a r t i c l e detectors. The purpose of the magnets i s to bend the pa r t i c l e s 
track, the amount of bending being a measure of the pa r t i c l e ' s momentum, 
and the detectors are to locate t h i s curved t r a j e c t o r y . As can be seen 
there are f i v e detection levels containing the various detectors. 
Essentially two types of detectors are employed : 
(a) Plastic (NE102A) s c i n t i l l a t i o n counters to detect i n i t i a l l y the 
passage of a muon through the spectrograph, (muens are j u s t i f i a b l y 
assumed because of the great stopping power of the i r o n ) . 
(b) Neon flash-tubes to locate the tr a j e c t o r y of the muon. 
The neon flash-tube, as introduced by Conversi and Gozzini (1955)» 
consists of a long (~2m.) glass tube f i l l e d , with neon gas. The passage 
of a charged p a r t i c l e through the ga3 causes ionization which on the 
application of a high voltage pulse across the tube ( i n t h i s case ~ 10 kV 
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f o r ~5ji3) leads to a discharge along the tube, and the tube i s said to 
have flashed. Two types of flash-tubes are used; ( i ) large diameter 
( -1.5 cm.) tubes located i n the momentum selector trays, which as t h e i r 
name suggests are a part of the system fo r the selection of high momentum 
events, and. comprise a part of the low resolution system, and ( i i ) small 
diameter (-0.55 cm.) tubes f o r the analysis of the high momentum events, 
and are contained i n the so-called measuring trays. The small diameter 
tubes are able to locate the muon's tr a j e c t o r y to a much greater accuracy 
than the large diameter tubes, and hence form the high resolution system. 
Figure 2.1 shows that the s c i n t i l l a t i o n counters (SO) are located 
at the upper, middle, and lower levels, as also are the momentum selector 
trays (KST), whereas the measuring trays (i^T) are located at each of the 
five l e v e l s . The reason for f i v e measuring trays, when only three are 
s t r i c t l y necessary to define the tra j e c t o r y , i s to combat the e f f e c t of 
the increasing p r o b a b i l i t y of electrons accompanying the muon iron; the 
iron blocks, due to electromagnetic interactions of the muon i n the i r o n , 
as the energy increases. An event i s thus generally over-defined so that 
information can be ' l o s t ' from up to two levels, but the event w i l l s t i l l 
be useful. The m.d.rc. (maximum detectable momentum) of the high resolution 
system with five measuring trays has been shown to be lj&56 GeV/c (Ayre et a l . , 
1972 (a)) and t h i s only decreases to 1280 GeV/c with the worst possible 
combination of three trays ( i . e . levels 1,2,5 or 3,4»5)• Account of the 
va r i a t i o n of m.d.m. v/ith tray configuration w i l l , have to be taken when 
the analysis of the high resolution system data i s eventually made. 
Also apparent from figure 2.1 i s that the spectrograph comprises 
two separate halves, one set of detectors l y i n g on the L.H.S. of the 
magnet blocks, and the other on the R.H.3. These are known as the blue 
and red sides respectively. Since flashtubes have to be allowed time to 
recover (-seconds) between events, having two complete sets of detectors 
working independently means that w h i l s t one side i s recovering from the 
previous event, the other can s t i l l be operative, hence increasing the 
13 
overall c o l l e c t i o n rate. 
With the detectors so far mentioned there i s no f a c i l i t y f o r acertain-
ing the angle of the muon i n the back plane, that i s i n the plane p a r a l l e l 
to the magnetic f i e l d l i n e s . For' t h i s purpose two other trays, the 
azimuthal trays (AT) are placed above the spectrograph, separated by 
-45 cm., with the tube axes perpendicular to the magnetic f i e l d l i n e s i n 
each side of the spectrograph. The format of these trays i s i d e n t i c a l 
to those of the momentum selector, except that t h e i r width i s very much 
larger, and the tubes ?.re longer. Table 2.1 gives a b r i e f description of 
the format of each of the d i f f e r e n t types of detector. 
Finally the whole system i s designed to be automatic and. to t h i s end 
the outputs from the flash-tubes are d i g i t i s e d . The method adopted i s 
that of Ay re and Thompson (1969), and i s described i n d e t a i l in. Ay re (1971). 
B r i e f l y a small brass probe i s placed, i n f r o n t of each flash^tube and connected, 
through a r e s i s t o r , to the input of si\ integrated c i r c u i t electronic memory. 
When a. tube discharges a voltage pulse appears, due to the capacitative 
e f f e c t of the probe, at the input to the memory. The amplitude of the 
pulse i s adjusted by means of a series r e s i s t o r and sets the memory. There 
i s a probe and memory for each tube. Both types of tube are d i g i t i s e d i n 
the same way, d i f f e r e n t values of re s i s t o r being used to make the voltage 
compatable with that of the memories. 
The information from the flash-tubes in the measuring trays and the 
azimuthal trays w i l l be sent to an IBM 1130 computer for storage on magnetic 
disk, and then transferred to magnetic tape where i t can be analysed at 
a l a t e r date on a large IE.! 560 computer. The storing of the flash-tube 
data i n the 1130 w i l l take place only when a high momentum ( ^200 GeV/c) 
i s indicated by the momentum selector. 
As remarked i n chapter 1 the low resolution side of the system was 
o r i g i n a l l y designed to be the momentum selector alone. For t h i s purpose 
the t r a j e c t o r y of the muon at each of the three ivi.S.T.'s i s allocated to 
certain \ cm, c e l l s , and the momentum selector ascertains whether or not 
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2.2 The Sequence of Events on the Passage of a Muon 
through the Spectrograph. 
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any of these c e l l s l i e i n a st r a i g h t l i n e , and hence i s po t e n t i a l l y a high 
momentum event. The event i s only ' p o t e n t i a l l y ' of high momentum since 
c e l l s may be set o f f due to other p a r t i c l e tracks in the trays causing a 
low momentum event to appear to the momentum selector as one of high 
momentum. The important point of t h i s method i s that w h i l s t pseudo-high 
momentum events may be signalled, no true high momentum events are l o s t , 
the pseudo-high momentum events being sorted out i n the f i n a l analysis. 
The experiment which provides the main, topic of t h i s thesis uses the inform-
ation contained in the c e l l s corresponding to the muon track at each l e v e l , 
wherever possible, to f i n d the momentum of the muon, and hence produce 
the momentum spectrum i n the lower energy region (<500C-eV/c). In order to 
do t h i s a device known as RUDI ( r e s t r i c t e d used d i g i t a l instrument) was 
constructed v/hich automatically takes the three c e l l s from the momentum 
selector, and calculates the deflection c f the p a r t i c l e , the output being 
stored in the memory of a multichannel analyser (PiiA). 
Figure 2.2 shows a flow diagram of the events which take place subsequent 
to the passage of a muon through the spectrograph assuming that i t i s s t i l l 
not paralysed by the previous event. The extreme R.H.3. cf t h i s diagram 
i s important to wha.t follows, and each of the relevant parts of the spectro-
graph are now considered i n more d e t a i l . 
2.3 The Magnetic Field 
2.3.1 The Magnet Blocks 
Figure 2.3 shows a diagram of one of the four magnet blocks. As can 
be seen they are of rectangular shape with a hole cut out of the centre. 
Each block comprises 78, 5/9" i r o n plates. Thick copper wire i s wound 
around, each arm of the magnet block as indicated producing, on the passage 
of a current through the windings, a t o r o i d a l magnetic f i e l d . The blocks 
are labelled A, B, C, and D from bottom to top, A and G being wired 
together in series as also are B and D. Each of these pairs are connected 













FIGURE 2.3 Plan and Side View of a Magnet Block. 
Plastic Scintil lator (Ne102A) 
< Photomultiplisr Tubes (53 AVP) 75crn 
Perspex Light 
176 c m Guide 
FIGURE 2.4 Plan View of a Scintillation Counter. 
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i n p a r a l l e l and driven by a 100 A x 100 V unstabilised D.C. supply. For 
a more detailed description see Ayre (1971). 
2.3.2. Measurements of the Field 
Two factors are important from the point of view of the spectrum 
measurement; (a) the exact magnitude of the f i e l d , and (b) how uniform 
i t i s over the sensitive region of the detectors. 
In order to be able to answer (b), during the b u i l d i n g of the magnets, 
holes were d r i l l e d and search c o i l s placed at various positions i n the blocks. 
The l o c a l f i e l d at these positions could then be found by measuring Jvdt , 
when the magnetic f i e l d i s reversed, using an X - Y p l o t t e r connected 
across the ends of the search c o i l s . The average f i e l d i n a block could 
also be measured i n a s i m i l a r way u t i l i z i n g a large loop of wire around 
the e n t i r e arm of the magnet block. Using these methods i t i s found that 
the magnitude of the f i e l d i s (16.3 + 0.1 )kG with a non-uniformity of + 4% 
over the sensitive region (Ayre, 1971). Since the non-uniformity i s small, 
i t may be neglected and the mean value of the f i e l d used. 
The error quoted above on the magnitude of the f i e l d i s based upon the 
analysis of several (25J measurements. Examination of the B-H curve f o r the 
magnet iron shows that a 10% v a r i a t i o n i n current at 50A w i l l give r i s e 
to a v a r i a t i o n of 1% i n the f i e l d . Since i t i s known that the mains 
voltage varies by 6-7%, and the magnet power supply i s unstabilised, i t i s 
thought that a more reasonable estimate of the error on the f i e l d i s 
(16.3 kG + 1%). 
2.3.3 The Trajectory of Kuons i n the Magnetic Field 
A p a r t i c l e of charge ze t r a v e l l i n g with a v e l o c i t y v i n a magnetic 
f i e l d B i s subject to a Lorentz force of magnitude : 
iForceJ = TevB 2.1 
causing i t to move i n a c i r c u l a r t r a j e c t o r y . The inclusion of energy 
loss as the p a r t i c l e progresses chances the t r a j e c t o r y from c i r c u l a r 
16 
to s p i r a l . 
The equations, and method used to study the trajectory of the muon 
in the magnetic f i e l d are outlined i n Appendix A. 
2.4 The S c i n t i l l a t i o n Counters 
As stated there are three s c i n t i l l a t i o n counters i n each side of the 
spectrograph; i n the upper, middle and lower levels. Their construction 
i s as indicated i n table 2.1 and shown schematically i n figure 2.4. 
The outputs from the two diagonally opposite photo-multipliers are 
added together, and the resultant pulses passed through discriminators and 
a coincidence c i r c u i t producing an output when a p a r t i c l e has traversed 
the counter. The resultant pulses from each of the three Oounters are 
fed in t o a three-fold coincidence c i r c u i t which serves as the main t r i g g e r 
i n d i c a t i n g the passage of a muon through the acceptance volume of the 
spectrograph. 
The dimensions of the three s c i n t i l l a t i o n counters on the blue side 
of the spectrograph are : 
Upper : (176.15 x 75.0 x 5.0) cm. 
Middle : (175.95 x 75.0 x 5.0) cm. 
Lower : (176.25 x 75.0 x 5.0) era. 
the measurements being to + 0.1 cm. The co-ordinates of the mid-planes 
of each are given in figure 2.1. 
The three s c i n t i l l a t i o n counters serve to define the overall acceptance 
o f the spectrograph which, due to the bending of the p a r t i c l e s i n the 
magnetic f i e l d , varies with momentum. The calculation of t h i s acceptance 
i s discussed i n Appendix B. 
2 .5 The High Voltage Pulsing System. 
The three-fold coincidence from the s c i n t i l l a t o r s i s used to t r i g g e r , 
by means of a t h y r i s t o r , a spark gap causing the discharge of a delay l i n e 
across a r e s i s t o r . This produces a square negative going pulse of amplitude 
1 7 
-10 ky and duration ~3\}s. This pulse i s applied to the electrodes of 
the momentum selector trays to discharge the flash-tubes which have been 
traversed by the muon. The inherent delay between the three-fold coincidence 
and the application of the high voltage pulse i s ~2p3. A detailed descrip-
t i o n of the pulsing system i s given by Ayre (1971)• 
A master reset pulse i s a.pplied to the majority of the electronic 
c i r c u i t r y for the duration of the high voltage pulse to combat the effects 
of noise. When constructing the high voltage system i t was found necessary 
to maintain very good earthing to reduce t h i s noise, and the subsequent 
"pick-up". 
2 • 6 The ragmen turn Selector Trays 
Figure 2.5 shows a diagram of a section of the tube pattern i n the 
TEST'S. As can be seen they consist of four layers of tubes staggered i n 
such a Yvay t h a t , i n combination with the electronic c i r c u i t r y , the t r a ^ 
width i s e f f e c t i v e l y divided into.152 t g cm. c e l l s . These c e l l s are defined 
at the middle of the t h i r d layer of flash-tubes, known as the measuring 
l e v e l , and the positions of the f i r s t four are also shown in figure 2 .5 . 
Between each layer of flash-tubes are the aluminium electrodes across 
which the high voltage pulse i s applied. The electronic c i r c u i t s which deter-
mine the c e l l s are on c i r c u i t boards fastened, v i a edge connectors, to the 
f r o n t of the t":ST's. The memories corresponding to the tubes are also 
fastened to the MST's. The c e l l - a l l o c a t i n g electronic logic primarily 
consists of a series of coincidence and anticoincidence c i r c u i t s which 
allocate c e l l s according to predetermined tube configurations. A detailed 
description of the electronic c i r c u i t r y i.3 given by Ayre (1971). 
The c e l l s corresponding to the predetermined flash-tube configurations 
were o r i g i n a l l y determined by considering trajectories w i t h i n +7°and - 7 ° 
to the v e r t i c a l , and i t was not possible to design the c i r c u i t r y such that 
at a l l angles the tra j e c t o r y i s allocated to the correct c e l l . For the 
cases where a given configuration can be in either of two c e l l s , that which 
I — 2 c m — \ ooooo 1 
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FIGURE 2.5 The Flash-Tube Pattern in the Momentum 
Selector Trays. 
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FIGURE 2.6 The Definition of Deflection. 
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has greater p r o b a b i l i t y i s allocated. Account of t h i s i s taken subsequently 
by the momentum selector which 'OR's the c e l l s together i n threes at the 
top and bottom levels before a str a i g h t l i n e comparison i s made. Table 2.2 
shows the c e l l allocations f o r the f i r s t four c e l l s using the notation 
of figure 2.5. The c e l l i n g i s basically i n t o groups of four, a f t e r which 
the electronics duplicates i t s e l f , hence i t suffices to only consider 
these. 
When designing the electronic c e l l i n g , as said, t r a j e c t o r i e s were only 
considered out to + 7 ° to the v e r t i c a l which i s adequate for the primary 
use of the momentum selector. However at low enex'gies 






1 1 21 31 
1 1 11 21 31 
1 1 21 
2 1 11 31 
2 11 31 
2 1 31 
3 1 11 22 31 
3 11 22 31 
5 2 11 22 31 
4 2 11 22 
4 11 22 
4 11 22 32 
4 2 11 22 32 
TABLE 2.2. 
Relation between predetermined flash-tube configuration 
and allocated c e l l s ( f o r notation 3ee figure 2.5.) 
p a r t i c l e s can traverse the trays at quite large angles, due to bending of 
the p a r t i c l e t r a j e c t o r y , p a r t i c u l a r l y in the top and bottom levels. I t 
i s f o u n d t h a t a t c e r t a i n a n g l e s , n o t o n l y may t h e w r o n g c e l l be a l l o c a t e d , 
b u t t h a t somet imes more t h a n o n e , o r no c e l l s may be g i v e n . T h i s i s 
d i s c u s s e d i n more d e t a i l i n C h a p t e r 5i s.nd mus t be t a k e n i n t o a c c o u n t 
when a n a l y s i n g d a t a down t o momenta ~20 G e V / c , 
2.7 The ' .omentum S e l e c t o r 
The momentum s e l e c t o r c o n t a i n s t h r e e s h i f t r e g i s t e r s ( A , H , C) c o r r e s -
p o n d i n g t o t h e t h r e e KST m e a s u r i n g l e v e l s ( 5 j 5 » l ) » each o f w h i c h ha.s one 
' b i t ' f o r each p o s s i b l e c e l l . A p p r o x i m a t e l y 10 ^s a f t e r a t h r e e - f o l d 
c o i n c i d e n c e i s d e t e c t e d t h e i n f o r m a t i o n f r o m t h e M 3 T 1 a i s g a t e d down t o 
t h e s h i f t r e g i s t e r s where t h e b i t s c o r r e s p o n d i n g t o t h e a l l o c a t e d c e l l s 
a r e s e t t o a '0' s t a t e . N e x t a c l o c k i n g p u l s e o f f r e q u e n c y -1 ivliiz. i s 
a p p l i e d t o t h e s h i f t r e g i s t e r s , s h i f t i n g t a k i n g p l a c e t o w a r d s the c e n t r e 
o f t h e magnet f o r b o t h b l u e and r e d s i d e s . From t h e p o i n t o f v i e w o f 
momentum s e l e c t i o n i t s e l f , t h r e e - f o l d c o i n c i d e n c e c i r c u i t s a r e c o n n e c t e d 
t o a l l p o s s i b l e s t r a i g h t l i n e c o n f i g u r a t i o n s c e n t r e d upon b i t s 76 and 15? 
o f t h e m i d d l e s h i f t r e g i s t e r ( B ) , t he b i t s i n t h e t o p and b o t t o m b e i n g 
' O R ' e d t o g e t h e r i n t h r e e s t o a l l o w f o r w r o n g c e l l i n g . C o n s e q u e n t l y a f t e r 
-76 us t h e e v e n t i s c l a s s i f i e d as b e i n g p o s s i b l y due t o a p a r t i c l e o f h i g h 
momentum. O f r e l e v a n c e t o t h e p r e s e n t e x p e r i m e n t i s t h e c e l l i n f o r m a t i o n 
a v a i l a b l e a t b i t 152 o f each s h i f t r e g i s t e r . T h i s i s u t i l i z e d by iWJJI 
as e x p l a i n e d i n t h e n e x t s e c t i o n . 
2 . 8 RUSI 
2 . 8 . 1 I n t r o d u c t i o n 
R U B I , as e x p l a i n e d , i s t h e name g i v e n t o the d e v i c e w h i c h c a l c u l a t e s 
t h e d e f l e c t i o n o f t h e p a r t i c l e f r o m t h e i n f o r m a t i o n c o n t a i n e d i n t h e s h i f t 
r e g i s t e r s o f t h e momentum s e l e c t o r . B e f o r e one can d e s c r i b e i t s o p e r a t i o n , 
t h e d e f i n i t i o n o f d e f l e c t i o n mus t be c l a r i f i e d . 
2 . 8 . 2 D e f i n i t i o n o f D e f l e c t i o n 
C o n s i d e r f i g u r e 2.6 w h i c h shovfs t h e m e a s u r i n g l e v e l s o f t h e L I S T ' s . 
L e v e l 5 i s t h e u p p e r t r a y and 1 t h e l o w e r , a , b , and c a r e t h e c o - o r d i n a t e s 
o f t he p o i n t s o f i n t e r s e c t i o n o f t h e p a r t i c l e s t r a c k w i t h t he l e v e l s 5»2 and-
r e s p e c t i v e l y , measured f r o m some a r b i t r a r y v e r t i c a l l i n e . The d e f l e c t i o n , 
A, i s d e f i n e d as t h e d i s t a n c e f r o m t h e t r a j e c t o r y c o - o r d i n a t e a t l e v e l 1 
t o t h e p o i n t o f i n t e r s e c t i o n o f t h e e x t r a p o l a t i o n o f t h e s t r a i g h t l i n e 
ab a t t h a t l e v e l , as i n d i c a t e d on t h e d i a g r a m . I f 1-^ and I 2 a re t h e 
d i s t a n c e s be tween l e v e l s 5 and 5» and 5 and 1 r e s p e c t i v e l y , t h e n i t can 
be shown t h a t A i s g i v e n by ; 
A= ( a - 2 b + c ) + K ( b - a ) 2 . 2 . 
where K - 1 - \ / \ 
Now i f n , n , , and n a r e t h e a l l o c a t e d c e l l numbers a t the t h r e e l e v e l s , 
3. b ' c ' 
i t i s seen t h a t t h e q u a n t i t y : 
N = ( n - n , ) - ( n . - n ) = n - 2 n . + n 2 . 5 
^ a b ' x b c a b c 
i s c l o s e l y r e l a t e d t o t h e d e f l e c t i o n . I n d e e d f o r t h e case 1-, = l^y i . e . 
a s p e c t r o g r a p h h a v i n g e q u a l a r m s , t h e n N i s a c o r r e c t e s t i m a t e o f A a p a r t 
f r o m t h e l o c a t i o n e r r o r o f | cm a t each l e v e l . I n t h e p r e s e n t e x p e r i m e n t 
t h e arms o f t h e s p e c t r o g r a p h d i f f e r by 4 cm, hence : 
K = 1 - V 1 ! " 500 ~ ° - U 1 5 
( b - a ) has v a l u e s up t o 76 cms and t h e r e f o r e K ( b - a ) can be as g r e a t as 
- 1 cm. T h i s i s l a r g e compared w i t h d e f l e c t i o n s a t h i g h momenta ( i t w i l l 
be shown l a t e r t h a t f o r an i n c i d e n t momentum o f 100 G e V / c , A - 4 c m s ) . 
RUDI measures t h e q u a n t i t y K , known as the c a t e g o r y number , i n e q u a t i o n 2 . 5 , 
w h i c h i s e q u i v a l e n t t o t h e a -2b+c i n e q u a t i o n 2 . 2 . Hence i t mus t a l w a y s 
be remembered i n t h e a n a l y s i s t h a t iJ v a r i e s f r o m t h e t r u e d e f l e c t i o n 
b y t h e amount K ( b - a ) . I n s u b s e q u e n t t h e o r e t i c a l c a l c u l a t i o n s o f t h e 
d e f l e c t i o n c o r r e s p o n d i n g t o d i f f e r e n t momenta, t h e d e f l e c t i o n i s a l w a y s 
t a k e n as t h a t c o r r e s p o n d i n g t o ( b - a ) = 0 . Hence , when c o n s i d e r i n g any 
o b s e r v a b l e s such as t h e f r e q u e n c y d i s t r i b u t i o n s o f N , a c c o u n t m u s t a l w a y s 
be t a k e n o f t h e v a r i a t i o n o f H w i t h ( b - a ) , t h a t i s w i t h i n c i d e n t a n g l e . 
2 1 
?.0.5 O p e r a t i o n o f RUDI 
The p u r p o s e o f RUDI i s t o c a l c u l a t e f r o m t h e a l l o c a t e d | cm c e l l s 
a t each l e v e l , t h e s i g n , d e f l e c t i o n , and i n c i d e n t a n g l e o f t h e t r i g g e r i n g 
muons . F i g u r e 2.7 shows a s c h e m a t i c d i a g r a m o f t h e o p e r a t i o n w h i c h i s 
d e s c r i b e d i n more d e t a i l i n t h e f o l l o w i n g : 
( a ) B a s i c O p e r a t i o n . 
The o p e r a t i o n o f liuDI i s based upon t h e d e t e r m i n a t i o n o f two q u a n t i t i e s . 
F i r s t l y t h e a r r i v a l order of t h e '0' b i t s a t e l e m e n t s 152 o f t h e s h i f t r e g i s t e r s 
i n t h e momentum s e l e c t o r , and s e c o n d l y t h e c o n t e n t s o f two s c a l e r s w h i c h 
c o u n t t he c l o c k i n g p u l s e s used i n t h e momentum s e l e c t o r f o r s h i f t i n g . The 
c o u n t i n g o f o n e , t h e s c a l e r AB, i s s t a r t e d by t h e a r r i v a l o f e i t h e r o f 
t h e '0' b i t s f r o m s h i f t r e g i s t e r s A o r J i , and s t o p p e d by t h e a r r i v a l o f 
t h e o t h e r '0' b i t . The s e c o n d , t h e s c a l e r BG i s s i m i l a r l y c o n t r o l l e d by 
t h e p u l s e s f r o m s h i f t r e g i s t e r s B and G. 
( b ) C h e c k i n g f o r c o r r e c t number o f c e l l s . 
O b v i o u s l y an e v e n t can o n l y be a n a l y s e d i f t h e r e i s o n e , and o n l y 
o n e , c e l l i n each o f t h e s h i f t r e g i s t e r s , o t h e r w i s e t h e p o s i t i o n o f t h e 
t r a j e c t o r y i s a m b i g u o u s . T h i s c o n d i t i o n i s checked a u t o m a t i c a l l y and t h e 
c a l c u l a t i o n o f t h e d e f l e c t i o n o n l y p r o c e e d s i f t h e c o n d i t i o n i s f u l f i l l e d . 
( c ) D e t e r m i n a t i o n o f muon s i g n and d e f l e c t i o n . 
E x a m i n a t i o n o f e q u a t i o n 2.3 shows t h a t f r o m t h e two numbers i n t h e 
s c a l e r s , t h e c a t e g o r y number N can be c a l c u l a t e d . The d e f l e c t i o n shown 
i n f i g u r e 2.6 i s o n l y one o f e i g h t p o s s i b l e c a s e s , h a v i n g s i x d i f f e r e n t 
a r r i v a l o r d e r s o f t h e '0' b i t . These e i g h t cases a r e shown i n f i g u r e 2 .8 
where t h e t h r e e l e t t e r s ( e . g . ABC) i n d i c a t e t h e a r r i v a l o r d e r s o f t h e 
'0' b i t s a t e l e m e n t s 152 o f t h e t h r e e s h i f t r e g i s t e r s . The d e c i s i o n as t o 
w h e t h e r t o add o r s u b t r a c t the two numbers i s made by c o n s i d e r i n g t h e s e 
a r r i v a l o r d e r s . The s i g n o f t h e muon i s a l s o d e c i d e d i n t h i s way , when 
p o s s i b l e , i n i t i a l l y a s suming t h e m a g n e t i c f i e l d t o be p o s i t i v e . (A p o s i t i v e 
f i e l d i s d e f i n e d as h a v i n g t h e l i n e s o f f l u x g o i n g i n t o t h e f r o n t o f t h e 
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b l u e s i d e and o u t o f t h e r e d s i d e ) . T a b l e 2.3 shows t h e s i x p o s s i b l e 
a r r i v a l o r d e r s , and t h e d e c i s i o n w h e t h e r t o add o r s u b t r a c t . 
A r r i v a l S i g n o f A r i t h m e t i c 
O r d e r I.'.uon 
BCA - ADD 
BAC - ADD 
ABC V - SUB 
CBA V - SUB 
ACB + ADD 
CAB . + ADD 
TABLE 2.3 
R e l a t i o n be tween t h e a r r i v a l o r d e r s a t ' e l e m e n t 152, 
t h e s i g n o f t h e muon, and t h e d e c i s i o n t o add o r 
s u b t r a c t t he numbers i n t h e s c a l e r s . 
A t t h i s p o i n t i t s h o u l d be n o t e d t h a t t he se r u l e s a p p l y t o b o t h s i d e s 
( b l u e and r e d ) o f t h e s p e c t r o g r a p h , s i n c e a l t h o u g h s h i f t i n g i n b o t h cases 
i s t o w a r d s t h e c e n t r e o f t h e magnet ( i . e . i n o p p o s i t e d i r e c t i o n s ) , t h e 
f i e l d s a r e a l s o i n o p p o s i t e d i r e c t i o n s . As w i l l be seen l a t e r , t h e o n l y 
t i m e when t h e s i d e o f t h e s p e c t r o g r a p h has t o be c o n s i d e r e d i s i n c a l c u l a t i n g 
t h e i n c i d e n t a n g l e o f t h e muons. 
From t a b l e 2.3 i t i s seen t h a t t h e g e n e r a l r u l e i s j when B a r r i v e s 
s e c o n d , s u b t r a c t , o t h e r w i s e a d d . For t h e a d d i t i o n c a s e s , t h e s i g n o f t h e 
muon i s c l e a r , whereas f o r t h e s u b t r a c t i o n i t i s n o t . T h i s a m b i g u i t y i s 
r e s o l v e d by c o n s i d e r i n g t h e r e l a t i v e s i z e s o f AB and 3 C . S u b t r a c t i o n 
i s p e r f o r m e d BC-AB, by t a k i n g t h e complement o f AB ( i . e . A B ) and a d d i n g i t 
t o B C , t h e a d d i t i o n b e i n g done by a 9 - t i t b i n a r y a d d e r . Two p o s s i b l e 
c a se s e x i s t : 
( i ) BC > A B . I n t h e a d d i t i o n a. " c a r r y 1 " a p p e a r s a t t h e 9 t h b i t o f t h e 
a d d e r w h i c h mus t be added i n t o t h e 1 s t b i t t o g i v e t h e c o r r e c t answer . 
( i i ) BC < A 3 . I n t h i s case t h e r e i s no c a r r y , b u t t h e c o r r e c t answer i s 
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g i v e n by t a k i n g t h e complement o f t h e f i n a l r e s u l t . 
i . e . BC >AB |A| = BC + AB + " 1 " 2 . 4 
BC <AB | A l = EC + AB 2 . 5 
To r e s o l v e t h e a m b i g u i t y o f s i g n , c o n s i d e r t h e case ABC. I f B C > A B , t h e n 
t h e p a r t i c l e w i l l be n e g a t i v e ( f o r a p o s i t i v e f i e l d ) . Thus t h e o r d e r 
ABC, p l u s t h e p r e s e n c e o f a " c a r r y 1 " f r o m t h e b i n a r y a d d e r , a re used t o 
s p e c i f y t h e p a r t i c l e as n e g a t i v e . For a p o s i t i v e muon, B C < A B , and c o n -
s e q u e n t l y t h e o r d e r ABC, and t h e p r e sence o f "no c a r r y " d e f i n e t h e e v e n t 
as p o s i t i v e . I n a s i m i l a r way , t h e s m b i g u i t y f o r CBA i s r e s o l v e d . T a b l e 
2 , 4 shows a summary o f t h e r e s o l u t i o n o f t h e s e a m b i g u i t i e s . 
A r r i v a l 9 t h b i t o f s i g n o f 
o r d e r adde r muon 
ABC No c a r r y + 
ABC C a r r y 1 -
CBA No C a r r y -
CBA C a r r y 1 + 
TABLE 2 . 4 . 
The r e s o l u t i o n o f t h e a m b i g u i t i e s o f 
s i g n f o r B a r r i v i n g s e c o n d . 
The f i n a l d e c i s i o n as t o t h e s i g n i s made by c o n s i d e r i n g t h e d i r e c t i o n o f 
t h e m a g n e t i c f i e l d w h i c h mus t be s e t u p , by h a n d , on t h e i n s t r u m e n t . F o r 
a. p o s i t i v e , o r z e r o f i e l d , t h e s i g n s ai*e u n a l t e r e d , w h i l s t f o r a n e g a t i v e 
f i e l d t h e y a r e r e v e r s e d . I n o r d e r t o d e a l w i t h t h e case o f z e r o d e f l e c t i o n , 
t h e p u l s e f r o m s h i f t r e g i s t e r B i s d e l a y e d by an amoun t , i n s i g n i f i c a n t 
r e l a t i v e t o t he c l o c k i n g f e q u e n c y . T h i s a l l o w s t h e a r r i v a l o r d e r s t o 
d e s i g n a t e a s i g n t o t h e d e f l e c t i o n even t h o u g h t h e s i g n o f t h e muon w i l l 
be i n d e t e r m i n a t e as t h e d e f l e c t i o n w i l l s t i l l be z e r o . A check i s made 
t h a t o n l y one s t a t e shown i n t a b l e 2 . 3 has been, r e g i s t e r e d , and f i n a l l y 
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a check i s a l s o made t h a t o n l y one s i g n ha s been a l l o c a t e d t o the e v e n t . 
( d ) D e t e r m i n a t i o n o f t h e i n c i d e n t d i r e c t i o n 
The i n c i d e n t d i r e c t i o n i s c a l c u l a t e d by c o n s i d e r i n g t h e a r r i v a l o r d e r 
o f A and E t o g e t h e r w i t h t h e s i d e o f t h e s p e c t r o g r a p h o p e r a t i v e . I n t h i s 
way t h e e v e n t i s c a t e g o r i s e d as b e i n g e a s t o r w e s t . A f u r t h e r d i v i s i o n 
i s made i n t o f o u r r a n g e s o f AB (0 -15 , 16-31, 32-47* ^ 4 3 ) , by e x a m i n i n g 
t h e m a g n i t u d e o f AB. A check i s made t h a t t h e muon i s o n l y a l l o c a t e d t o 
one i n c i d e n t d i r e c t i o n . 
( e ) G r o u p i n g o f t h e s p e c t r a 
The e v e n t s a r e g r o u p e d i n t o s i x t e e n i n d i v i d u a l s p e c t r a as shown, 
a c c o r d i n g t o c h a r g e , i n c i d e n t a n g l e , and t h e f o u r r a n g e s o f AB. S i n c e 
t h e f i n a l o u t p u t i s t o be d i s p l a y e d on a 400 c h a n n e l a n a l y s e r , t h e r e a r e 
a t m o s t 25 c h a n n e l s a v a i l a b l e f o r e a c h . To accommodate t h i s a l l c a t e g o r i e s 
l a r g e r t h a n 22 f>.re added t o g e t h e r i n t o c a t e g o r y 25, m a k i n g a t o t a l o f 
24 c a t e g o r i e s i n a l l . The g r o u p numbers o f t h e s i x t e e n d i f f e r e n t s p e c t r a 
(0-15) a r e t h e n m u l t i p l i e d by 25 and added t o t h e c a t e g o r y number t o g i v e 
t h e f i n a l c h a n n e l number ( 0 - 3 9 9 ) i n t o w h i c h t h e e v e n t i s s t o r e d . I n 
p r a c t i c e "1" i s added, t o t h i s number , t o s t a r t t he s t o r i n g i n c h a n n e l 1 
o f t h e a n a l y s e r . The r e l a t i o n between t h e c h a n n e l numbers and t h e d i f f e r e n t 
g r o u p i n g i s shown i n t a b l e 2.5. 
C h a n n e l numbers o f d i f f e r e n t s p e c t r a 
0<AE<16 16<AB<32 32<AJB<48 
0-24 25-49 50-74 75-99 
100- 125- 150- 175-
200- 225- 250- 275-
fJt*-" 300- 325- 550- 375-
TABLE 2 . 5 . 
R e l a t i o n be tween i n d i v i d u a l g r o u p s and PHA c h a n n e l numbers 
25 
( f ) Chan-r ing t h e w i d t h o f t h e c a t e g o r i e s 
As e x p l a i n e d i n t h e p r e v i o u s s e c t i o n , because o f t h e l i m i t e d spac? on 
t h e PI."A, a l l c a t e g o r i e s g r e a t e r t h a n 22 have been added t o g e t h e r w i t h t he 
r e s u l t a n t l o s s o f i n d i v i d u a l c a t e g o r y i n f o r m a t i o n , W i t h t he cm c a t e g o r i e s 
t h i s s e t s a l o w e r l i m i t t o t h e s p e c t r u m measurement o f - 4 0 GeV/c ( a s w i l l 
be shown l a t e r ) . T h i s can be r e d u c e d t o ~20 GaV/c by a d d i n g t h e c a t e g o r i e s 
t o g e t h e r i n p a i r s ( e f f e c t i v e l y d i v i d i n g by t w o ) . T h i s a d d i t i o n i s c a r r i e d 
o u t i m m e d i a t e l y a f t e r t he f u l l d e f l e c t i o n ha s been c a l c u l a t e d and i s e f f e c t e d 
by s i m p l y d r o p p i n g t o " 1 " b i t f r o m t h e b i n a r y number . ( I n p r a c t i c e a p l u g 
c o n t a i n i n g t h e b i n a r y number i s d i s p l a y e d by one s p a c i n g hence " l o s i n g " 
t h e " 1 " b i t ) . T a b l e 2 . 6 shows t h e r e l a t i o n b e t w e e n t h e s e " 1 cm" c a t e g o r i e s 
and t h e b a s i c | cm c a t e g o r i e s , 
J? cm 1 cm 
c a t e g o r i e s . c a t e g o r i e s . 
0 , + l 0 
± 2 » ± 5 + 1 





+42' ,+43 +21 
+ 4 4 , + 4 5 +22 
TABLE 2 . 6 . 
R e l a t i o n be tween the y cm and 1 cm c a t e g o r i e s 
2 . 8 . 4 F i n a l O u t p u t f r o m RL'DI 
The a l l o c a t e d c h a n n e l number ( i n BCD) i s s e t up on t h e a d d r e s s l i n e s 
t o t h e PHA. P r o v i d e d t h e c o n d i t i o n s a t t h e f o u r checks (marked Ch on 
f i g u r e 2 . 8 ) a r e f u l f i l l e d t h e n t h e p u l s e ( A ) f r o m t h e momentum s e l e c t o r 
i n d i c a t i n g t h e end o f s h i f t , w h i c h has been d e l a y e d by 750 \is, i s used 
t o g a t e the c h a n n e l number i n t o t h e PKA, where i t i s s t o r e d . A l s o d i s p l a y e d 
26 
f o r each e v e n t on K i l 6 0 i n d i c a t o r b u l b s , i s t h e s i g n o f t h e muon, and w h e t h e r 
o r n o t the e v e n t ha s been s t o r e d . The f u l l d e f l e c t i o n b e f o r e r e d u c t i o n 
t o c a t e g o r i e s 0 -23 i s a l s o d i s p l a y e d i n b i n a r y f o r m t o g e t h e r w i t h t h e 
f i n a l c h a n n e l number i n d e c i m a l , t h e l a t t e r b e i n g on n u m e r i c i n d i c a t o r 
b u l b s . 
F i g u r e 2 . 9 shows a t y p i c a l o u t p u t f r o m an o v e r n i g h t r u n w i t h i l U D I , 
t h e f i e l d b e i n g i n t h e n e g a t i v e d i r e c t i o n . I n d i c a t e d a re t he p o s i t i o n s 
o f t h e s i x t e e n i n d i v i d u a l s p e c t r a . 
2 . 9 C h e c k i n g t h e E l e c t r o n i c C i r c u i t s 
V / i t h such a c o m p l i c a t e d sys tem i t i s v e r y i m p o r t a n t t o a s c e r t a i n 
w h e t h e r t h e d i f f e r e n t p a r t s a r e w o r k i n g c o r r e c t l y . T h i s was done a t v a r i o u s 
s t a g e s d u r i n g c o n s t r u c t i o n w i t h s p e c i a l l y d e s i g n e d d e v i c e s w h i c h s i m u l a t e d 
e x p e r i m e n t a l c o n d i t i o n s , 
( a ) The f l a s h - t u b e memor ie s 
These were t e s t e d i n d i v i d u a l l y by c o n n e c t i n g t h e p r o b e s t o e a r t h i n 
t u r n and n o t i n g w h e t h e r t h e c o r r e c t memory was s e t , 
( b ) The c e l l a l l o c a t i o n l o g i c 
T h i s was t e s t e d w i t h a d e v i c e i n w h i c h t h e t u b e p a t t e r n s c o u l d be s e t 
up by h a n d , w i t h a s e r i e s o f s w i t c h e s . Each b o a r d was checked c a r e f u l l y 
and any f a u l t s r e c t i f i e d b e f o r e i n s t a l l a t i o n i n t h e s p e c t r o g r a p h . 
( c ) The momentum s e l e c t o r 
The momentum s e l e c t o r i t s e l f was t e s t e d by s e t t i n g up a l l p o s s i b l e 
s t r a i g h t l i n e c o m b i n a t i o n s i n t u r n w i t h s w i t c h e s r e p l a c i n g t h e f l a s h - t u b e s , 
and c h e c k i n g t h a t a h i g h momentum e v e n t was r e g i s t e r e d . The i n d i v i d u a l 
s h i f t r e g i s t e r s where checked by o b s e r v i n g t h e a l l o c a t e d c e l l numbers f o r 
a random s e l e c t i o n o f e v e n t s , and m a k i n g s u r e t h e e x p e c t e d d i s t r i b u t i o n 
was r e c o r d e d . 
( d ) RUDI 
RUDI was t e s t e d w i t h a s p e c i a l t e s t i n s t r u m e n t w h i c h s i m u l a t e d d e f l e c t i o n s 
and t h e o u t p u t s f r o m t h e s h i f t r e g i s t e r s . A l l p o s s i b l e d e f l e c t i o n s were 
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o f a l l t h e s e t e s t s were t h a t t h e i n s t r u m e n t was w o r k i n g c o r r e c t l y and t h a t 
i t appeared t o do so o v e r l o n g p e r i o d s o f t i m e . 
2 , 1 0 The R o l e o f t h e A u t h o r and t h e P r e s e n t E x p e r i m e n t 
O b v i o u s l y w i t h s:i e x p e r i m e n t o f t h i s c o m p l e x i t y and s i z e i t c a n n o t 
be the w o r k o f one p e r s o n , r a t h e r a g r o u p o f p e o p l e w o r k i n g t o g e t h e r . 
When t h e a u t h o r j o i n e d t h e g r o u p i n 1970 most o f t h e e l e c t r o n i c c i r c u i t r y 
h a d been b u i l t . S i n c e t h e n t h e a u t h o r has been a c t i v e i n t h e " m a r r y i n g " 
t o g e t h e r o f t h e H a s h - t u b e s and t h e l o w r e s o l u t i o n sys tem ( i . e . t h e momentum 
s e l e c t o r and RUDI) v i a a f u r t h e r s t u d y o f t h e d i g i t i s a t i o n m e t h o d . T h i s 
r e s u l t e d i n a p a p e r on ' t h e p a r t i c l e l o c a t i o n a l o n g t h e l e n g t h o f a neon 
f l a s h - t u b e 1 , ( A y r e e t a l . , 1972 ( c ) ) i n w h i c h i t was c o n c l u d e d t h a t i t may 
be p o s s i b l e , by t i m i n g t h e a r r i v a l o f t h e p u l s e s a t t he end o f t h e f l a s h -
t u b e , t o be a b l e t o l o c a t e t h e p o s i t i o n o f i n t e r s e c t i o n o f t h e rauon's 
t r a j e c t o r y t o - 1 0 cm, u s i n g t h e f l a s h - t u b e s i n KARS. The r u n n i n g o f the 
a p p a r a t u s has been c a r r i e d o u t by v a r i o u s members o f t h e g r o u p , i n c l u d i n g 
t h e a u t h o r , and d a t a was c o l l e c t e d o v e r a s i x month p e r i o d u t i l i z i n g t h e 
b l u e s i d e MST's o n l y . The a n a l y s i s o f t h i s d a t a t o p r o d u c e a momentum 
s p e c t r u m is d e s c r i b e d i n t h e n e x t two c h a p t e r s a n d , ass s t a t e d i n c h a p t e r 1, 
has been t h e r e s p o n s i b i l i t y o f t h e a u t h o r . As t h e s p e c t r o g r a p h i s l a r g e , 
arid t h e c o l l e c t i o n o f d a t a c o m p l e t e l y a u t o m a t i c t h e n t h i s a n a l y s i s i s a 
c o m p l i c a t e d p r o c e d u r e s i n c e i n s t r u m e n t a l e f f e c t s become n o t i c e a b l e . 
C h a p t e r 3 shows how t h e i n s t r u m e n t a l e f f e c t s a r e h a n d l e d , and c h a p t e r 4 
g i v e s t h e a c t u a l a n a l y s i s o f t h e r e s u l t s . 
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CHAPTER 3 
THE h'.OKENTO! SPECTRUM - METHOD OF DATA ANALYSIS 
3 . 1 I n t r o d u c t i o n 
I t i s r a r e l y p o s s i b l e i n any c o m p l i c a t e d sys tem t o w o r k f r o m t h e d a t a 
d i r e c t l y t o the f i n a l r e s u l t s , t he p r e s e n t w o r k b e i n g no e x c e p t i o n . The 
a p p r o a c h t o t h e p r o b l e m has t o be f r o m t h e o p p o s i t e d i r e c t i o n , t h a t i s t o 
w o r k f r o m some i n i t i a l a s s u m p t i o n t o p r e d i c t e d v a l u e s f o r t h e q u a n t i t i e s 
w h i c h a r e t o be obse rved , and . f i n a l l y t o compare t h e s e w i t h t h e v a l u e s 
a c t u a l l y o b s e r v e d . As a r e s u l t o f t h i s c o m p a r i s o n i t i s u s u a l l y p o s s i b l e 
t o say s o m e t h i n g a b o u t t he a s s u m p t i o n . F i g u r e 3 » 1 shows a f l o w d i a g r a m 
o f t h e a n a l y s i s p r o c e d u r e . I n s h o r t a t r i a l momentum s p e c t r u m i s a d o p t e d 
and c o n v e r t e d i n t o a. d e f l e c t i o n s p e c t r u m , w h i c h i s t h e n c o r r e c t e d f o r v a r i o u s 
i n s t r u m e n t a l e f f e c t s . The p r o b a b i l i t y o f d e f l e c t i o n s b e i n g a l l o c a t e d t o 
t h e d i f f e r e n t d e f l e c t i o n c a t e g o r i e s i s t h e n c a l c u l a t e d , a n d t h i s f o l d e d i n t o 
t h e c o r r e c t e d d e f l e c t i o n s p e c t r u m t o g i v e t h e e x p e c t e d r a t e s i n each c a t e g o r y . 
Knowledge o f t h e e x a c t l i v e t i m e o f t h e e x p e r i m e n t a l r u n s , and s c i n t i l l a t i o n 
c o u n t e r e f f i c i e n c i e s , e n a b l e an a b s o l u t e d e t e r m i n a t i o n o f t he d i f f e r e n t i a l 
momentum s p e c t r u m t o be made. 
I n o r d e r t o be a b l e t o e f f e c t t h e a n a l y s i s p r o p e r l y one m u s t c o n s i d e r , 
i n d e t a i l , how t h e i n s t r u m e n t w o r k s , e x a c t l y v.'hat i s b e i n g m e a s u r e d , and 
w h a t e f f e c t s any i n s t r u m e n t a l b i a s e s o r i n e f f i c i e n c i e s have on t h e r e s u l t s . 
T h i s c h a p t e r d e a l s w i t h t h e c a l c u l a t i o n o f such e f f e c t s , t he n e x t c h a p t e r 
s h o w i n g how the e x p e c t a t i o n v a l u e s a r e c a l c u l a t e d , and t h e i r c o m p a r i s o n 
w i t h o b s e r v a t i o n s . 
3 . 2 F a c t o r s I n v o l v e d i n C a l c u l a t i n g t h e T r i a l D e f l e c t i o n Spec t rum 
3 . 2 . 1 Tha "omentum - D e f l e c t i o n R e l a t i o n s h i p . 
Because LIARS i s a m u l t i l a y e r i n s t r u m e n t , w i t h i n t e r s p e r s e d d e t e c t o r a 
and gaps be tween t h e i r o n magnet b l o c k s , any a n a l y t i c a l e x p r e s s i o n f o r t h e 
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FIGURE 3-1 The Analysis Procedure. 
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t r a j e c t o r y o f a muon t h r o u g h t h e s p e c t r o g r a p h i s v e r y c o m p l i c a t e d , and 
i m p r a c t i c a l t o u s e . The method a d o p t e d t o s t u d y t h e r e l a t i o n s h i p be tween 
momentum and d e f l e c t i o n i n v o l v e d , a c o m p u t e r s i m u l a t i o n o f e v e n t s . I n such 
a s i m u l a t i o n , t h e i n c i d e n t a n g l e and momentum o f t h e muon c o u l d be v a r i e d 
and hence a l l p o s s i b l e t r a j e c t o r i e s c o n s i d e r e d . I n i t i a l l y a c o n s t a n t r a t e 
o f e n e r g y l o s s was assumed, w h i c h was t a k e n as t h e mean r a t e o f e n e r g y l o s s 
s u s t a i n e d by a muon o f t h a t p a r t i c u l a r i n c i d e n t momentum i n i t s passage 
t h r o u g h t h e s p e c t r o g r a p h . T h i s v;as f o u n d t o be t o o i n a c c u r a t e f o r t h e 
f i n a l r e s u l t s , c o n s e q u e n t l y a v a r i a b l e l o s s was t a k e n , w h i c h v a r i e d as t h e 
momentum d e c r e a s e d t h r o u g h t h e s p e c t r o g r a p h . The v a l u e s o f e n e r g y l o s s 
o f a muon i n i r o n as a f u n c t i o n o f momentum have been c a l c u l a t e d f r o m 
t h e w o r k o f S t e r n h e i m e r ( 1 9 5 6 ) f o r i o n i s a t i o n b s s , and Hsyman e t s i . ( 1 9 6 3 ) 
f o r b r e m s s t r a h l u n g , p a i r p r o d u c t i o n , and n u c l e a r l o s s e s , and a r e shown i n 
f i g u r e 3 . 2 . 
T a b l e 3 . 1 shews a sample o f t h e r e s u l t s o f t h e c o m p u t e r s i m u l a t i o n . 
V a l u e s a r e t a k e n f o r t h e case ( b - a ) =. 0 s i n c e i t i s i n t h i s c o n d i t i o n t h a t 
t h e d e f l e c t i o n s measured by RUDI c o r r e s p o n d t o t h e t r u e d e f l e c t i o n s ( e q u a t i o n 
2 . 2 ) . T h i s c o n d i t i o n i s used t o d e f i n e d e f l e c t i o n t h r o u g h o u t t he a n a l y s i s . 
I n c i d e n t Momentum D e f l e c t i o n d ^ d p 
p GeV/c A cm. cm(Gev/c) 
10 6 4 . 5 1 3 . 3 8 
20 2 4 . 0 8 1 . 5 1 1 
30 1 4 . 8 4 0 . 5 6 7 8 
40 1 0 . 7 3 0 . 2 9 5 6 
5 0 8 . 4 0 2 0 . 1 8 1 2 
70 5 .860 0 . 0 8 8 0 
100 4 . 0 5 0 0 .0422 
1000 0 . 5 8 9 8 0 .0C03337 
TABLE 3 . 1 
V a l u e s d e f l e c t i o n and d £ / d p f o r g i v e n momenta . 
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F I G U R E 3 3 The Relation between Deflection (A).dA/dp.and Momentum (p). 
Also shown are values of the gradient of the momentum-deflection 
curve, ~ , ca l cu la ted by considering the de f l ec t ions 1 GcV/c on e i t h e r s i d cip 
of the momentum. These are required to ca l cu la te the de f l ec t ion spectrum 
from the momentum spectrum according to the r e l a t i o n : 
dM = dN do 
dA dp dA 
Figure 3.3 shows graphica l ly the r e s u l t s in table 3,1 
3.2c2 The T r i a l Momentum Spectrum 
At the time of s t a r t i n g the a n a l y s i s , the most recent absolute deter-
mination of the rcuon's momentum spectrum was tha.t measured, by the K i e l 
group ( A l l k o f e r et a l . , 1971). Thi s was presented at the Hobart Cosmic 
Ray Conference, and as stated in chapter 1, was a best f i t to the data from 
four d i f f e r e n t spectrographs ranging from 0.2 GeV/c to 1000 Gev/c . A 
curve drawn by the author through the points from 10 to lUOO GeV/c, given 
in the above publ icat ion as the best f i t , i s used i n the present work 
as the t r i a l spectrum. Ta.ble 3.2 shows the values assumed. 
Also shown are values of p^K(p). Th i s i s used in preference to N(p) 
alone in determining intermediate values as i t v a r i e s much l e s s rapid ly 
than N(p) . Figure 3.4 shows a plot of p against p N(p) . 
3.3 Correct ions to the Spectrum. 
3.3.1 The E f f e c t of Mult iple Coulomb Scat ter ing 
I n t ravers ing the iron in the spectrograph the inuon s u f f e r s a consider 
able amount of mult iple coulomb s c a t t e r i n g . T h i s was incorporated in the 
model of the spectrograph using the expressions given by Ross i and Greisen 
(1942). The equations used and the method of appl i ca t ion to t h i s s i t u a t i o n 
are explained in Appendix C. I t i s found that the inc lus ion of the e f f e c t 
of s c a t t e r i n g for a given momentum gives a range of values of de f l ec t ion 
having a gaussian d i s t r i b u t i o n with a mean de f l ec t ion given by the value 
of de f l ec t ion without s c a t t e r i n g , and a standard deviat ion of 12'^  of that 
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"omentum (p) D i f f e r e n t i a l Rate — p 
GeV/c s ~ 1 c m " a r ~ 1 (Gf. V , /c) 
10 1.53 x io" 4 0.1330 
15 5.40 x 10-5 0.1B22 
20 2.70 x 10- 5 0.2160 
30 9.59 x 10- 6 0.2589 
50 2.36 x 
_£ 
10 "* 0.2950 
70 e.92 x i o - 7 0.3060 
100 3.04 x i o - 7 0.3040 
150 8.51 x i o - 8 0.2.372 
200 3.35 x i o - 8 0.2680 
300 8.70 x lO" 9 0.2349 
500 1.52 x 10"9 0.1900 
700 4.71 x i o - ] 0 0.1616 
1000 1.34 x 1 0 -10 0.1340 
TABLE 3.2. 
The T r i a l Spectrum 
Def lect ion 
A cm 
R(= N 1 (A ) /K (A)) A cm R 
0.1 1.074 3.0 1.046 
0.2 1.072 5.0 1.038 
0.3 1.071 7.0 l .OJO 
0.5 1.069 10.0 1.022 
0.7 1.067 15.0 1.011 
1.0 I.O64 20.0 1.002 
2.0 1.055 
TABLE 
The e f f e c t of mult iple 
• • j 
coulomb s ca t t er i r .K 
upon the t r i a l spectrum. 
3 i 
To c a l c u l a t e the e f f e c t upon the de f l ec t ion spectrum one must fo ld 
the gaussian d i s t r i b u t i o n s into the de f l ec t ion spectrum, i . e . i f K (A) 
i s the de f l ec t i on spectrum then the spectrum corrected for mult iple 
s c a t t e r i n g , N^(A), i s given by : 
Hf A )ev-




where <T= 0.12 A 
Values of the in tegra l as a function of A a**e shown in table 3*3 
and are plotted in f igure 3.5. The fac t that the correc t ion fac tor f a l l s 
to unity at - 2 0 cm. r e f l e c t s the fact that the de f l ec t ion spectrum has 
reached a maximum at around t h i s value of d e f l e c t i o n . 
3.3.2 The O v e r a l l spectrograph Acceptance 
As i s discussed in Appendix 3 , the t r a j e c t o r y of a muon travers ing 
the magnetic f i e l d i s curved, which causes a loss of low momenta p a r t i c l e s 
due to t h e i r f a i l u r e to f u l f i l the t r igger ing requirements of passing 
through a l l three s c i n t i l l a t i o n counters. Figure 3»6 shows a graph of the 
r e l a t i v e acceptance as a function of muon incident momentum. A p a r t i c l e 
of i n f i n i t e momentum would t r a v e l in a s t ra igh t l i n e through the spectro-
2 
graph, the acceptance for such a p a r t i c l e being 406 + 2 cm s r . I n prac t i ce 
muons with momenta greater than 100 G e v / c reach t h i s l i m i t i n g value. 
3.3.3 Reject ion ofgvents 
( i ) Causes of Re jec t i on . 
In order to be able to a l locate a d e f l e c t i o n to an event, one must 
know, unambiguously, the pos i t ion of the t r a j e c t o r y to wi th in some defined 
l i m i t s , in t h i s case nominally h cm., at each of the l e v e l s . Since there 
are only three l e v e l s ava i lab le in the momentum se l ec tor system, any l o s s 
of information at one of the l e v e l s i s d isasterous and renders the event 
completely unanalysable. T h i s condit ion, that there be one and only one 
c e l l at each of the three l e v e l s , i s b u i l t into KUDI, as explained in chapter 2, 
which automatical ly r e j e c t s any other events. Consequently one has to make 
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F I G U R E 3-5 The Multiple Scattering Correction. 
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a correct ion to the de f l ec t ion spectrum for these re j ec ted events. I t 
i s found that only ~ 6.0;' of the events are unambiguously defined. 
I f a l l the e f f e c t s which cause t h i 3 contamination were independent 
of the union's momentum, then the correct ion to be made to the data would 
be simply a r a i s i n g of the spectrum by 1.67. However t h i s i s not the case , 
and a. mixture of momentum independent and momentum dependent e f f e c t s are 
found. The problem reso lves i t s e l f into c l a s s i f y i n g the i\Q\'.. unanalysable 
events into severa l categor ies , each category being associated v^ith a c e r t a i n 
type of contamination. 
There are four fac tors which cause, there to be a. lack of triggered 
c e l l s , or more than one tr iggered c e l l in the information from a given 
momentum tray : 
(a ) The fac t that the f la sh- tubes are i n e f f i c i e n t can cause no c e l l to be 
s e t . 
(b) I;;uons t ravers ing a tray at a large angle (usual ly muons of very low 
momenta) may cause e i t h e r no c e l l , or a l t e r n a t i v e l y more than one c e l l 
to be set in the t ray . 
( c ) In terac t ions of the muons in the iron blocks may cause one or more 
e lec trons to accompany the muon from the block, and may produce ex tra c e l l s 
in l e v e l s 3 and 1. I t i s found that the probabi l i ty of one e lectron accom-
panying the muon i s v i r t u a l l y momentum independent, w h i l s t the probab i l i ty 
of two or more e lectrons depends strongly upon momentum. For t h i s reason, 
in the a n a l y s i s , the two e f f e c t s are considered separate ly . 
(d) Extensive a i r shower p a r t i c l e s and other spurious p a r t i c l e s which 
traverse the trays together v;ith the muon. T h i s i s p a r t i c u l a r l y re levant 
to the top tray which has l i t t l e absorber above i t , w h i l s t the other two 
t rays are somewhat shielded by the magnet b locks . 
( i i ) Bxperirnental Frequency of Kumber of C e l l 3 . 
Any system which has to provide an ins tant a n a l y s i s of the muon's 
d e f l e c t i o n for high momentum se lec t ion purposes has to be completely 
33 
automatic. The system in t h i s case was designed with t h i s in mind; only 
l a t e r r;as i t decided that a useful momentum spectrum could be measured 
with the same system. Consequently there i s very l i t t l e , i f any, i n t e r -
mediate information on the events. A l l that i s known for an event i s into 
which de f l ec t ion category i t has been a l l o c a t e d . Idea l ly one would l i k e to 
have information concerning the f lash- tubes which had discharged, and which 
c e l l s had been a l located at each l e v e l . Th i s i s not immediately a v a i l a b l e . 
I t was decided however, that one piece of very use fu l information, e a s i l y 
ex trac tab le , v;as the rate of a l l o c a t i o n of none, and greater than one c e l l 
at the d i f f e r e n t l e v e l s . Knowing these, together with various t h e o r e t i c a l 
c a l c u l a t i o n s and assumptions enables, amongst other e f f e c t s , the i n e f f i c i e n c i e 
of the f lash- tubes to be estimated. 
A simple device was constructed which counted pulses from an o s c i l l a t o r 
at a frequency of 10 KHz. The counting was contro l led by the state of 
b i t 152 of the s h i f t r e g i s t e r of the tray being examined. Counting only 
took place when a b i t was a ' 0 ' , which corresponds to an a l located c e l l . 
Hence i f two c e l l 3 were a l l o c a t e d , twice as many o s c i l l a t i o n s would be 
counted, e tc . . Each tray v/as examined in turn , and for both f i e l d d i r e c t i o n s , 
there being about 500 events in each ' r u n ' . The r e s u l t s for the various 
numbers of a l located c e l l s are shown in table 3.4. 
^ having having more 
Leve l 
no c e l l s than one c e l l 
5 6.5 8.5 + .3 
3 2.7 + .2. 8.0 + .3 
1 11.9 + .4 10.4 + .4 
TAJ3LE 3.4 
The observed frequencies of numbers of c e l l s . 
These r e f e r to the values averaged over the two f i e l d d i r e c t i o n s . 
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Since the spectrograph was in a s tate of further construction i t was 
impract ica l to dismantle the trays to measure the f lash-tube i n e f f i c i e n c i e s . 
However, as w i l l be shown, using the above data in table 3.4 i t i s possible 
to estimate the i n e f f i c i e n c i e s of the tubes. Shown in f igure J . 7 i s a 
flow diagram which indicates the outl ine of how t h i s problem i s treated . 
D iv i s ion i s made into momentum dependent and momentum independent 
e f f e c t s as fol lows: 
( i i i ) momenturn Dependent Rejec t ions . 
J-'.omentum dependent r e j e c t i o n have two causes, one r e l a t i n g to low 
momentum events, and the other to events of high momentum, 
(a) Low Momentum ~ Est imation of Flash-Tube E f f i c i e n c i e s . 
At low momentum, .par t i c l e s traverse the trays with f a i r l y large angles. 
Figure 3.8 shows graphs of the angular ranges in the upper and lower l e v e l s 
at four d i f f e r e n t momenta, 8, 10, 15» and 20 Gev/c . In the middle l e v e l 
the angles are small for a l l momenta having a .range of from + 8° to - 8 ° . 
Since the c e l l i n g log ic was designed pr imar i ly for use in a momentum se lec tor 
i t was not required to be able to handle these large angled t r a c k s , as 
high momenta events are f a i r l y s t r a i g h t . I n order to invest igate the 
e f f i c i e n c y of the c e l l i n g at large angles, a computer programme was wr i t t en , 
which completely duplicated the log ic of the e l ec t ron ic c e l l i n g . The 
programme was tested and the r e s u l t s compared with the ac tua l e l e c t r o n i c 
c i r c u i t s , together with an e l e c t r o n i c checking unit with which the discharged 
tubes could be simulated and the a l located c e l l s d i sp layed . Using t h i s 
programme together with a model of the tube pat tern , the p r o b a b i l i t i e s 
of various numbers of c e l l s for d i f f e r e n t angles of incidence were examined. 
Figure 3.9 shows the r e s u l t s for the probabi l i ty of none, one, and two c e l l s 
being a l l o c a t e d . Also shown in the f igure i s the s ign of angle convertion 
used throughout. These f igures r e f e r to 100?* i n t e r n a l l y e f f i c i e n t tubes 
of in terna l diameter 1.53 cm., the mean diameter as given by Ayre (1971). 
Close examination of these p r o b a b i l i t i e s , bearing in mind the r e s u l t s shown . 
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in f igure 3.8 on the angular d i s t r i b u t i o n s , indicate that there w i l l be 
quite a large number of events in v/hich the number of c e l l s which are set 
i s not unity , e s p e c i a l l y at lov; momenta. I t i s also to be noted, that for 
angles l e s s than 10° the e l ec t ron ic c i r c u i t r y i s 10C'% e f f i c i e n t at 
producing one and only one c e l l , which i s adequate for the momentum se lec tor 
i t s e l f . 
The data shown in table 3.4 i m p l i c i t l y contain p a r t i c l e s of a l l 
momenta. Kence in order to compare any t h e o r e t i c a l values i t i s necessary 
to know the o v e r a l l angular d i s t r i b u t i o n s of p a r t i c l e t r a j e c t o r i e s in the 
t rays , in tegrated over a l l momenta. I d e a l l y , these should be measured 
experimental ly ,but the only such information ava i lab le were photographs 
of the tubes in the measuring trays taken during e a r l i e r runs with the 
spectrograph. I t was found d i f f i c u l t to estimate the angles of the tracks 
in these t r a y s , and i t was f e l t that more accurate d i s t r i b u t i o n s could be 
obtained using a computer simulation of events. The passage of muons, 
with a momentum d i s t r i b u t i o n taken from the spectrum of A l l k o f e r et a l . (1971)» 
o o 
and incident i s o t r o p i c a l l y from +30 to -30 , was modelled through the spectro-
graph and the d i s t r i b u t i o n of angles from accepted events was c a l c u l a t e d . 
Figure 3.10 shows the r e s u l t s of a s imulation of 1038 accepted events . 
The angular d i s t r i b u t i o n s were then fed into the programme which 
simulated the c e l l i n g l o g i c , and the e f f e c t of varying the f lash-tube 
e f f i c i e n c y invest igated . The e f f e c t of revers ing the s igns of the angles 
was a lso examined which i s the same as revers ing the f i e l d . Each tube was 
assumed to be uniformly e f f i c i e n t across i t s en t i re diameter, s ince the 
form of the e f f i c i e n c y v a r i a t i o n was not known, and could not be estimated 
e a s i l y . Figure 3 . H i l l u s t r a t e s the r e s u l t s from these c a l c u l a t i o n s . I t 
shows the number of no c e l l s , and of two c e l l s which would be expected as a 
function of the f lash-tube e f f i c i e n c y . Ey comparing the measured numbers 
of no c e l l s , given in table 3.4t with these curves i t i s seen that the 
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Level 5 : 95-7 + .37? 
Leve l 3 : 97.4 + .2< 
Leve l 1 : 96.7 + .4?' 
The e r r o r s being those corresponding to the e r r o r s of the measured 
frequencies in table 3.4. 
There i s no reason to expect that each tray has the same e f f i c i e n c y , 
and the var ia t ion between thsm i s only l.Of?. From f igure 3 - H also can 
be read o f f the value of the rates of two a l located c e l l s for the estimated 
tube e f f i c i e n c i e s . These are : 
Leve l 5 : 1.5 + .01? 
L e v e l 3 : 0.0 + C.CCfS 
Leve l 1 : 5.1 + .02% 
The errors on these values are very small due to the slow v a r i a t i o n v;.ith 
f lash-tube e f f i c i e n c y . 
Also apparent from the f igure i s the fac t that the probabi l i ty of two 
c e l l s f a l l s slowly as the tube e f f i c i e n c y decreases. Seme second, order 
e f f e c t such as t h i s i s to be expected, 
(b) High Momentum. 
At high momentum the increas ing e f f e c t of electromagnetic in teract ions 
of the muon in the iron becomes important. Some e lectrons emerging from 
these in terac t ions may escape from the bottom of the block and h&vs the 
p o s s i b i l i t y of causing one or more ex tra c e l l s to be a l l o c a t e d . Figure 3.12 
shows graphs of the probabi l i ty of one e l ec t ron , together with the muon, 
emerging from an iron block the s i z e of those in 1'ARS, and also the 
probabi l i ty of two or more e lec trons , a f t e r Ay re' et a l , (1971(c)) . The 
experimental r>oints are the measurements made by the above authors with 
the T'AItS spectrograph in the e a r l i e r photographic run. The s o l i d l i n e s srs 
t h e i r t h e o r e t i c a l pred ic t ions . As has bean stated previous ly , and i s 
apparent from figure J.12, the probab i l i ty of s ingle e lectrons i s very 
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whereas the p r o b a b i l i t y o f g r e a t e r than one e l e c t r o n r i s e s r a p i d l y as the 
energy o f the muon increases . T h i s r i s e i s due t o the increasing- c r o s s -
s e c t i o n f o r p a i r p r o d u c t i o n and bremsst rahlung a t the h i g h e r ene rg ie s , 
w h i l s t the f l a t n e s s o f the s i n g l e e l e c t r o n s i s due to the knock-on p r o b a b i l i t y 
( c o l l i s i o n l o s s ) be ing very nea r ly independent o f muon energy. 
Even though an e l e c t r o n may accompany the muon from the i r o n i t does 
n o t n e c e s s a r i l y cause another c e l l i n the momentum s e l e c t o r to be a l l o c a t e d . 
The e l e c t r o n may be so close to the t r a c k o f the muon as to be a l l o c a t e d 
to the same c e l l , o r i t may be a t such an angle as to produce no e x t r a 
c e l l . I n order t o be able to conver t from p r o b a b i l i t i e s o f e x t r a p a r t i c l e s 
to p r o b a b i l i t i e s o f e x t r a c e l l s , i t i s necessary to know the angular and 
l a t e r a l d i s t r i b u t i o n s , o f the p a r t i c l e s r e l a t i v e to the muon t r a c k . T h i s 
i s a very compl ica ted process s ince the e l e c t r o n s u f f e r s cons iderab le 
m u l t i p l e coulomb s c a t t e r i n g i n the i r o n be fo re emerging. However i n the 
present a n a l y s i s j u s t i f i a b l e assumptions have been Bade to overcome t h i s 
d i f f i c u l t y . I t i s considered t h a t when there are two o r more e l e c t r o n s 
accompanying the muon from one o f the magnet b l o c k s , t h a t a t l e s 3 t one o f 
these w i l l cause an e x t r a c e l l t o be s e t . For the s i n g l e e l e c t r o n s i t i s 
d i f f i c u l t t o p r e d i c t t h e o r e t i c a l l y the convers ion f a c t o r f rom e l e c t r o n s 
to t r i g g e r e d c e l l s , though f o r knock-on e l e c t r o n s a lone , i n c l u d i n g m u l t i p l e 
s c a t t e r i n g and a momentum s e l e c t o r t r a y S cm. below the i r o n b lock i t i s 
f o u n d , by a Monte C a r l o s i m u l a t i o n , t h a t 60 - 80 % o f the produced knock-
on e l e c t r o n s generate e x t r a c e l l s . However s ince the p r o b a b i l i t y o f these 
s i n g l e e l e c t r o n s w i l l be assumed to be momentum independent , i t i s n o t 
necess?.ry t o know t h i s convers ion f a c t o r , the c o r r e c t number w i l l be 
inc luded w i t h any o the r momentum independent e f f e c t s when a l l the momentum 
dependent e f f e c t s have been sub t rac ted f rom the e x p e r i m e n t a l l y measured 
r a t e s o f g r e a t e r than one c e l l ( t a b l e 3«4). 
The t o t a l c o n t r i b u t i o n o f more than one e l e c t r o n to more than one c e l l 
i s found by i n t e g r a t i n g t h e i r p r o b a b i l i t y curve ( f i g u r e 5.12) over the 
momentum spectrum. Account i s taken o f the d i f f e r e n t muon energies i n 
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b locks (J and A. The r e s u l t s are as f o l l o w s : 
Level 3 : 2.4$ 
Leve l 1 : 1.8^ 
The p r o b a b i l i t y d i s t r i b u t i o n f o r p roduc ing more than one e l e c t r o n i s 
recons idered l a t e r when the t o t a l c o r r e c t i o n f a c t o r t o the d e f l e c t i o n 
spectrum i s c a l c u l a t e d . 
( i v ) Momentum Independent R e j e c t i o n s . 
These are i n f e r r e d by s u b t r a c t i n g the weighted momentum dependent e f f e c t s 
from the observed f r equenc ie s o f more than one a l l o c a t e d c e l l . The s i t u a t i o n 
i s summarized i n t a b l e 3.5« 
MOMENTUM DEPENDENT ' ^ J T ^ 
1 2. J T _ 2 - 3 
Leve l Observed fo Expected Expected;:; Remaining 
^ 2 c e l l s from l a r g e f rom ^ 2 <fo 
angles e l e c t r o n s 
5 8 .3 1.5 0 6.8 
5 8.0 0 2.4 5.6 
1 10,4 5.1 1.8 3.5 
TABLE 3.5 
Summary o f C a t e g o r i z a t i o n o f -^ -2 a l l o c a t e d c e l l s . 
The percentages i n the f i n a l column are taken as be ing the sum t o t a l s o f a l l 
the momentum independent e f f e c t s . W h i l s t i t i s o f no importance as regards 
the f i n a l measured spectrum, i t i s o f i n t e r e s t to examine the o r i g i n o f 
these e f f e c t s . The s i t u a t i o n r e g a r d i n g each l e v e l i s as f o l l o w s : 
( a ) L e v e l 5: T h i s has very l i t t l e absorber above i t , and hence i s s u b j e c t 
to con tamina t ion f rom e l e c t r o n s and o t h e r p a r t i c l e s which may accompany the 
muon. Also &-rays and Y- rays may be produced by i n t e r a c t i o n o f the s:iuon 
i n what l i t t l e absorber there i s i n the r o o f ( - 4 s,T1 and i n the 
3S 
az imutha l t r a y s suppor t s . 
(b ) Leve l 3? A ma jo r p a r t o f t h i s con tamina t ion w i l l be from s i n g l e e l e c t r o n 
produced by the vnuon i n t e r a c t i n g i n the i r o n b l o c k . Large angled ex tens ive 
a i r showers v/hich are able to en te r the gap between the magnet b locks w i l l 
a l so c o n t r i b u t e . 
( c ) Leve l 1; The c o n t r i b u t i o n s w i l l be the same as i n l e v e l 3, though 
since the l e v e l i s nearer the ground, then the e f f e c t o f side- showers may 
be somewhat reduced. 
( v ) The C o r r e c t i o n Factor f o r R e j e c t i o n o f Event.?.. 
The s i t u a t i o n i s summarised i n t a b l e 5.6. Th i s t a b l e assumes t h a t 
whenever more than one e l e c t r o n accompanies the muon ou t o f a magnet b l o c k , 
a t l e a s t two c e l l s are se t i n the s h i f t r e g i s t e r s assoc ia ted w i t h the mcraentu'' 
s e l e c t o r t r a y a t t h a t l e v e l . L a t e r i t i s discussed what happens to the 
c o r r e c t i o n f a c t o r , and hence to the measured spectrum when t h i s assumption 
i s r e l a x e d . B r i e f l y however, i t w i l l have l i t t l e e f f e c t below ~ 100 Gev/c 
and &n i n c r e a s i n g e f f e c t as the momentum r i s e s . 
I n c a l c u l a t i n g the c o r r e c t i o n f a c t o r f rom the f i g u r e s shown i n t a b l e 3.6 
i t has been assumed t h a t i n a g iven l e v e l , momentum dependent, and momentum 
independent e f f e c t s do not occur a t the same t i m e . I n theory some o f the 
e f f e c t s may happen toge the r but the method o f t h e i r c a l c u l a t i o n has assumed 
t h i s i s not t r u e and t h e i r combinat ion must a l so be t r e a t e d i n t h i 3 f a s h i o n . 
For each l e v e l the o v e r a l l e f f i c i e n c y o f p roduc ing one c e l l i s c a l c u l a t e d by 
s u b t i ' a c t i n g f rom u n i t y the sum o f the momentum dependent and independent 
e f f e c t s . The th ree e f f i c i e n c i e s f o r the t h ree l e v e l s are then m u l t i p l i e d 
t oge the r to g i v e the t o t a l c o r r e c t i o n f a c t o r which i s shown i n the f i n a l 
column o f t a b l e 3 .6. 
A c o r r e c t i o n must a lso be a p p l i e d to a l l o w f o r the tube i n e f f i c i e n c i e s 
themselves which i n e f f e c t contaminate a l e v e l by p roduc ing no c e l l s . T h i s 
e f f e c t i s momentum independent and i s taken i n t o account no t here but i n the 
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5.4 The Category Acceptance Funct ion 
5 . 4 . 1 D e f i n i t i o n 
Reference to the f l o w diagram o f the a n a l y s i s procedure i n f i g u r e 3 .1 
shows t h a t the o the r main i n g r e d i e n t s o f the a n a l y s i s are the shapes o f the 
ca tegory acceptance f u n c t i o n s which are f o l d e d i n t o the corr-ected d e f l e c t i o n 
d i s t r i b u t i o n s ( i . e . the d e f l e c t i o n spectrum c o r r e c t e d f o r the i n s t r u m e n t a l 
e f f e c t s ) , to g i v e the r a t e o f c o l l e c t i o n o f events i n each ca tegory . Th i s 
s e c t i o n descr ibes the c a l c u l a t i o n o f the acceptance f u n c t i o n s and t h e i r 
impor tance . To recap, a t each o f the th ree l e v e l s , the muon's t r a j e c t o r y 
i s a l l o c a t e d to a g iven c e l l o f w i d t h \ cm.. A ca tegory i s then a l l o c a t e d 
based on the r e l a t i o n : 
N = n - 2n, + n (equa t ion 2 . } ) a b c " ' 
where the n ' s r ep resen t the a l l o c a t e d c e l l s a t the l e v e l s . The ca tegory 
acceptance f u n c t i o n f o r a p a r t i c u l a r ca tegory i s d e f i n e d as be ing the f u n c t i o n 
which desc r ibes the p r o b a b i l i t y o f d i f f e r e n t d e f l e c t i o n s be ing a l l o c a t e d 
t o t h a t ca t egory . I d e a l l y the shape o f the f u n c t i o n s can bo c a l c u l a t e d by 
c o n s i d e r i n g the \ cm. c e l l s th rough which the t r a j e c t o r y passes a t the measurin 
l e v e l s , a l l p o s s i b l e t r a j e c t o r i e s f o r a g iven d e f l e c t i o n be ing cons idered , 
and w i l l be a l t e r e d when there i s a p i ' o b a b i l i t y t h a t the t r a j e c t o r y has been 
a l l o c a t e d to one o r more wrong c e l l s a t the d i f f e r e n t l e v e l s . There arc 
th ree reasons f o r the t r a j e c t o r y be ing o c c a s i o n a l l y a l l o c a t e d to the wrong 
c e l l : 
( a ) The e l e c t r o n i c c e l l i n g I s n o t p e r f e c t f o r t r a j e c t o r i e s a t angles o the r 
than 0 ° to the v e r t i c a l . 
( b ) The f l a s h - t u b e s are no t 100;' e f f i c i e n t . 
( c ) Knock-on e l e c t r o n s produced i n the g lass w a l l s o f the tubes . 
Two approaches to the c a l c u l a t i o n s o f the f u n c t i o n s are adopted. I n 
the f i r s t i n i t i a l l y 100?' c o r r e c t c e l l i n g i s assumed and then the e f f e c t s o f 
the three f a c t o r s c o n t r i b u t i n g to wrong c e l l i n g are e s t i m a t e d . I n the 
second method a Monte-Carlo s i m u l a t i o n o f events u s ing a model o f the spec t ro -
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graph and momentum c e l l i n g l o g i c i s used. 
Due t o the shape o f the d e f l e c t i o n spectrum i t i s found t h a t the f i n a l 
expected r a t e s o f events i n the v a r i o u s ca t ego r i e s are most s e n s i t i v e to the 
shape o f the ca tegory acceptance f u n c t i o n s i n the low numbered c a t e g o r i e s , 
i . c , f o r h i g h ene rg ies . To a good approx ima t ion one f i n d s t h a t the i n c i d e n t 
angular d i s t r i b u t i o n s f o r these h igh energ ies are very nea r ly the same, being 
O 0 0 
t r i a n g u l a r shaped, w i t h a maximum a+~0 , and ex tend ing f rom -7 to +7 
to the v o r t i c a l . I n a l l o f what f o l l o w s such an angular d i s t r i b u t i o n has 
been used. 
3.4 .? : > t h o d A 
( i ) Pasic Shape. 
D i s r e g a r d i n g the tube p a t t e r n s and the e l e c t r o n i c c e l l i n g l o g i c , i t i s 
pos s ib l e to c a l c u l a t e the shape o f the ca tegory acceptance f u n c t i o n s by 
a s c e r t a i n i n g through which o f the -g cm. c e l l s a t the measuring l e v e l s ( the 
l e v e l o f the middle o f the t h i r d l a y e r o f tubes i n the momentum s e l w c t c r 
t r a y s ) the t r a j e c t o r y passes. By. c o n s i d e r i n g a l l pos s ib l e t r a j e c t o r i e s for-
g iven d e f l e c t i o n s , the r e l a t i v e numbers a l l o c a t e d to the d i f f e r e n t c a t ego r i e s 
can be found, p igure 3.13 shows the r e s u l t s when d e f l e c t i o n s from Q to 
+3 cm. are considered w i t h u n i f o r m p r o b a b i l i t y , c a t e g o r i e s G t o iv be ing 
i l l u s t r a t e d . The his tograms are the r e s u l t s f rom t h i s c a l c u l a t i o n , w h i l s t 
the s o l i d l i n e i s t h a t p r e v i o u s l y c a l c u l a t e d by Nandi ( p r i v a t e communication) 
comple te ly independent ly . One sees t h a t the c a t e g o r i e s , a l though n o m i n a l l y 
o f w i d t h cm. , do no t have a square d i s t r i b u t i o n , but are cons ide rab ly 
extended over a 3 cm. range o f d e f l e c t i o n . Th i s leads to problems p a r t i c u l a r l y 
i f an i n t e g r a l spectrum i s t o be c a l c u l a t e d s ince the minimum momentum o f 
the ca t ego r i e s i s very i l l - d e f i n e d . 
As p r e v i o u s l y s t a t e d , the c e l l s a l l o c a t e d a t the l e v e l s are no t always 
c o r r e c t and the causes o f t h i s wrong c e l l i n g are examined i n the next three 
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CATEGORY 5 A 
J i i_ 
D E F L E C T I O N (cm) • 
F IGURE 3-13 The Basic Category Acceptance Funct ion S h a p e s . 
( i i ) ' I n t r i n s i c ' wrong c e l l i n g . 
73y i n t r i n s i c i s meant the wrong c e l l i n g i n h e r e n t i n the design o f the 
e l e c t r o n i c s . Obviously i t would have teen d i f f i c u l t to des ign a p r a c t i c a l 
system capable o f a l l o c a t i n g the p a r t i c l e t r a j e c t o r y to i t s c o r r e c t c e l l eve 
the wide range o f angles o f the t r a j e c t o r i e s i n the t r a y s . By c o n s i d e r i n g 
the t r a j e c t o r i e s as d i f f e r e n t angles , over one tube spacing, and assuming 
lOT* e f f i c i e n t tubas, the r e s u l t s shown i n t a b l e 3.7 are ob ta ined f o r the 
p r o b a b i l i t y o f the t r a j e c t o r y b f i i n g a l l o c a t e d to the c o r r e c t , o r to the 




C e l l High 
< 
Cor rec t 
(Je l l 
< 
Adjacen t 
C e l l Low 
* 
-6 10 80 10 
-4 6 87 7 
-2 4 93 3 
0 0 100 0 
? 3 93 » Ci 
4 7 87 t) 
6 5 85 10 
TABLE 3.7 
P r o b a b i l i t i e s o f I n t r i n s i c '.Vronjg Gel 1 i n g 
These are shown g r a p h i c a l l y as the s o l i d l i n e in. f i g u r e 3.14. I n t e g r a t i n g 
over the t r i a n g u l a r angular acceptance f u n c t i o n s o f ths h i g h momentum 
ca t egor i e s g ives the average p r o b a b i l i t y o f the t r a j e c t o r i e s be ing a l l o c a t e d 
to the next h i g h e r c e l l , i n s t e a d o f the c o r r e c t one,as 3.6?',and to the next 
lower c e l l as 3.0«< 
( i i i ) The g f f e c t o f I n e f f i c i e n t Hash-Tubes . 
When a f l a s h - t u b e through which the p a r t i c l e has passed does not d i s -
charge then the re w i l l be an increased p r o b a b i l i t y o f the t r a j e c t o r y be ing 
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p r o b a b i l i t y o f the tube no t d i s c h a r g i n g when a muon lias passed through i t s 
s e n s i t i v e volume) , then , by c o n s i d e r i n g the tube p a t t e r n s and c e l l i n g l o g i c , 
and assuming t h a t T) i s smal l so t h a t there i s on ly a smal l p r o b a b i l i t y o f 
two i n e f f i c i e n c i e s o c c u r i n g i n the same t r a c k , one f i n d s the r e s u l t i n g 
p r o b a b i l i t i e s o f i n c o r r e c t c e l l i n g shown i n t a b l e 3.8. Figure 3.14 a l so 
shoe's p l o t s o f "these p r o b a b i l i t i e s , toge ther w i t h those f o r c o r r e c t c e l l i n g 
and the case o f no a l l o c a t e d c e l l s , f o r the three f lash- tube- e f f i c i e n c i e s 
(0.957, 0.974, and 0.967) es t imated f o r the tubes i n the three momentum 
s e l e c t o r t r a y s ( s e c t i o n 3 . 3 . 5 . ) - I t i s to be noted f rom t a b l e 3.8 t h a t when 
the tube i n e f f i c i e n c i e s are i n t r o d u c e d , i t i s p o s s i b l e f o r the t r a j e c t o r y 
to .be a l l o c a t e d n o t on ly t o the ad j acen t c e l l but a lso to the nex t but one 
c e l l . However f o r these smal l tube i n e f f i c i e n c i e s ( i . e . t ] < 5 ^ ) the p r o b a b i l i t i e 
o f such events o c c u r i n g are very s m a l l , and f o r s i m p l i f i c a t i o n i n the a n a l y s i s 
the p r o b a b i l i t i e s o f the c e l l be ing i n c o r r e c t l y a l l o c a t e d by t>vo c e l l s v . - i l l 
be i n c l u d e d i n the p r o b a b i l i t i e s o f be ing Y /rong by one c e l l . I t i s considered 
t h a t t h i s v . ' i l l have a n e g l i g i b l e e f f e c t upon the f i n a l spectrum. The p rob-
a b i l i t i e s o f the c e l l a l l o c a t e d be ing c o r r e c t , h i g h , and l ow , are then weighted 
w i t h the t r i a n g u l a r acceptance f u n c t i o n snd i n t e g r a t e d over the angular range 
o f the t r a c k s i n a t r r . y . The r e s u l t s f o r the th ree measuring l e v e l s are 
shown i n t a b l e 3 .9 . 
P r o b a b i l i t y o f P r o b a b i l i t y o f P r o b a b i l i t y c f 
Leve l 
Being High Being Cor rec t Being L O T / 
5 0.062 0.848 0.047 
3 0.052 0.879 0.043 
1 0.056 0.866 0.044 
TABLE.3.9. ' 
P r o b a b i l i t i e s o f wrong c e l l i n g i n c l u d i n g es t imated f l a s h -
tube e f f i c i e n c i e s and i n t e g r a t e d over a l l angles . 
( i v ) Knock-on E l e c t r o n s from Flash-Tubes. 
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knock e l e c t r o n s i n t o the gas o f a tube and cause i t to discharge even though 
the muon d i d not pass through i t s s e n s i t i v e volume. Th i s has the e f f e c t o f 
again caus ing wrong c e l l s o r i n some ca.ses two c e l l s to be a l l o c a t e d to the 
muon's t r a j e c t o r y . Assuming t h a t the p r o b a b i l i t y per l a y e r o f an e x t r a tube 
ad j acen t to the t r a c k d i s c h a r g i n g i s p , then the r e s u l t s shown i n t a b l e J.10 
f o r the p r o b a b i l i t i e s o f c e l l a l l o c a t i o n a t d i f f e r e n t angles are o b t a i n e d . 
I t i s to be rioted t h a t the p r o b a b i l i t i e s i n t a b l e 3.10 are f o r the e f f e c t s 
o f knock-on e l e c t r o n s alone w h i l s t those shown i n t a b l e 3-3 c o n t a i n both the 
e f f e c t s o f i n e f f i c i e n t f l a s h - t u b e s and the i n h e r e n t wrong c e l l i n g o f the 
e l e c t r o n i c c i r c u i t r y . 
The e f f e c t o f two c e l l s be ing a l l o c a t e d i s n o t considered here s ince i t 
has a l ready been taken i n t o account i n the momentum independent p a r t o f the 
c o r r e c t i o n f a c t o r discussed i n s e c t i o n 3 .3 .3 . 
From the work o f Ashton e t a l . ( I 9 7 3 ) i T,'ho have analysed data f rom a 
96 l a y e r arrr<y o f almost i d e n t i c a l f l a s h - t u b e s , a value f o r the p r o b a b i l i t y 
per l a y e r ( p ) o f knock-on e l e c t r o n s d i s c h a r g i n g ad jacen t tubes o f ~2fo 
i s f o u n d . Us ing t h i s value and i n t e g r a t i n g over the t r i a n g u l a r angular 
acceptance f u n c t i o n g ives the f o l l o w i n g : 
P r o b a b i l i t y o f s e t t i n g ad j acen t h i g h c e l l = 0.45'"' 
P r o b a b i l i t y o f s e t t i n g ad jacen t low c e l l - 1.05;'' 
Since both the p r o b a b i l i t i e s o f wrong c e l l i n g due to knock-on e l e c t r o n s 
and due to i n t r i n s i c p l u s i n e f f i c i e n t tubes are s m a l l , then i t s u f f i c e s s imply 
t o add the two toge the r to g ive the f i n a l p r o b a b i l i t i e s o f be ing a l l o c a t e d 
t o e i t h e r h i g h o r low c e l l s . T h i s e f f e c t i v e l y means t h a t i t i s assumed t h a t 
there i s no chance o f the two o c c u r i n g toge the r on the same t r a c k . The 
p r o b a b i l i t y o f the t r a j e c t o r y be ing a l l o c a t e d to the c o r r e c t c e l l i s then 
s imply t h a t va lue cor responding i n t r i n s i c e f f e c t s p lus i n e f f i c i e n t tubes 
minus the sum o f the p r o b a b i l i t i e s o f h i g h and low c e l l i n g due to knock-on 
e l e c t r o n s . 
( v ) F i n a l Shape. 
Ta.bles 3 . H » 3.12, and 3.13 i l l u s t i ' a t e the f i n a l r e s u l t s o f the p r o b a b i l i t i e 
o f wrong c e l l i n g a t each l e v e l . 
I n t r i n s i c Knock-on 
Level I n t r i n s i c P lus I n e f f i c i e n t PJlectrons T o t a l 
Tubes 
5 0.036 0.062 0.004 0.066 
3 0.036 0.052 0.004 0.056 
1 0.036 0.056 0.004 0.060 
TABLE 3.11 
Summary o f • o r o b a b i l i t i a s o f a l l o c a t i o n to the next h i g h e r c e l l 
I n t r i n s i c Knock-on 
Leve l I n t r i n s i c P lus I n e f f i c i e n t E l e c t r o n s T o t a l 
Tubes 
5 0.033 0.047 0.011 0.053 
3 0.038 0.043 0.011 0.054 
1 o .o je 0.044 0.011 0.055 
TABLE 3.12. 
Summary o f p r o b a b i l i t i e s o f a l l o c a t i o n t o nex t lower c e l l 
I n t r i n s i c P lus I n t r i n s i c p l u s 
L e v e l I n t r i n s i c I n e f f i c i e n t I n e f f i c i e n t Tubes I- lus 
Tubes K.O. E l e c t r o n s 
5 0.926 0 .848 0.833 
3 0.926 0 .879 O.864 
1 0.926 0 .866 0 .851 
TABLE 3 .13. 
Summary o f p r o b a b i l i t i e s o f a l l o c a t i o n to c o r r e c t c e l l 
I f one assumes t h a t the p r o b a b i l i t i e s a t each l e v e l are independent o f 
the o t h e r two then the p r o b a b i l i t i e s o f be ing a l l o c a t e d to d i f f e r e n t ca t ego r i e s 
can be c a l c u l a t e d by simple c o n s i d e r a t i o n o f the va r ious combinat ions o f 
n - 2n, + n ( equa t ion 2 .3) . I t must bo remembered t h a t a g iven wrong c e l l i n 
3. D C * 
i n e i t h e r l e v e l s 1 o r 5 nas the oppos i t e e f f e c t on the a l l o c a t e d category 
as has the same wrong c e l l i n g i n l e v e l 3. I f H-i r epresen ts the p r o b a b i l i t y 
4-6 
o f be ing h i g h a t l e v e l 1 , C^ the p r o b a b i l i t y o f be ing a l l o c a t e d to the 
c o r r e c t c e l l , and L., the p r o b a b i l i t y o f be ing low, and a s i m i l a r n o t a t i o n 
f o r the o t h e r two l e v e l s , then the v a r i o u s combinat ions compr i s ing the d i f f e r e n t 
c a t e g o r i e s are shown i n t a b l e 3 . 14 . 
E r r o r i n Combinations o f E r r o r s i n C e l l i n g to Produce 
Category Given E r r o r i n Category, 
Number. 
-4 L 5 H 3 L 1 
-3 0 5 K 3 L 1 + L 5 H 3 C 1 
- 2 HjHjLx+C^TjCi+LjHji^+LjGjLi 
-1 H (>H 3 c i + c 5 '""'31'1]+c j + L 5 C 3 c i 
0 
5.3 1 5 3 1 5 3 1 5 3 1 5 3 1 
+1 H _ C 7 C . +G_C,n , + G r L , L , + L , - L , C , 5 3 1 5 3 1 5 3 1 5 3 1 
+2 Hj.0,11, + t I _ K 7 L , + C - L , C , + L n L T H , 5 3 1 5 3 1 5 5 1 ^ 3 1 
+3 
+4 K 5 L 3 H 1 
TABLE 3.14 
R e l a t i o n between wrong c e l l i n g and category a l l o c a t i o n s , . 
Thus i t i s p o s s i b l e t o be i n e r r o r by as much as f o u r c a t e g o r i e s . 
Using these r e l a t i o n s , combined w i t h the p r o b a b i l i t i e s o f wrong c e i l i n g -
g i v e n i n t a b l e s J>.ll, 3.12, and 3.15 F g ives the r e s u l t s shown i n t a b l e 3.15. 
T h i s t a b l e shows the category e r r o r p r o b a b i l i t i e s , f i r s t l y f o r i n t r i n s i c 
wrong c e l l i n g a lone , then f o r the a d d i t i o n o f i n e f f i c i e n t f l a s h - t u b e s and 
f i n a l l y the t o t a l r e s u l t s i n c l u d i n g the e f f e c t s o f knock-on e l e c t r o n s . 
4? 
E r r o r i n I n t r i n s i c I n t r i n s i c P l u s I n t r i n s i c p l u s 
C a t e g o r y I n e f f i c i e n t F l a s h I n e f f i c i e n t F l a s h 
-Tube" -Tubes P l u s 
X . O . E l e c t r o n s 
-4 0.01 0.01 0.02 
tM ^ 0.26 0.41 0.54 
-2 3.22 4.02 4.29 
-1 6.76 7.39 8 . 8 1 
0 79.67 65.05 61.90 
+1 6.43 9.22 9.63 
+2 3.40 3.49 4.21 
+3 0.26 0.43 0.57 
+4 0.01 0.01 0.02 
TABLE .15 
P r o b a b i l i t i e s ( ° / o ) o f e r r o r s i n c a t e g o r y a l l o c a t i o n f o r 
t h e case o f i n t r i n s i c w r o n g C o l l i n s , i n t r i n s i c T.ron& 
c e l l i n g i s lus f l a s h - t u b e i n e f f i c i e n c i 6 3 , and f i n a l l y 
f o r t h e i n c l u s i o n o f t h e e f f e c t s o f c n o c k - o n e l e c t r o n s . 
The p r o b a b i l i t y o f b e i n g +4 o r -4 c a t e g o r i e s i n e r r o r i s t h u s v e r y s m a l l 
and has been c o n s i d e r e d n e g l i g i b l e . One f a c t which, emerges f r o m t a b l e 3.15 
i s t h a t t h e p r o b a b i l i t i e s o f b e i n g a l l o c a t e d t o v/rong c a t e g o r i e s a r e n o t 
s y m m e t r i c a b o u t t h e c o r r e c t c a t e g o r y . For e x a m p l e , f o r t h e t o t a l case s h o r n 
i n t h e l a s t c o l u m n , t h e r e i s a 9.7?' chance o f b e i n g a l l o c a t e d , t o t h e n e x t 
h i g h e r c a t e g o r y t h a n t h e c o r r e c t o n e , b u t o n l y an 8 . 8 , £ chance o f t he n e x t 
l o w e r c a t e g o r y . T h i s i s a p r o p e r t y o f t h e f l a s h - t u b e p a t t e r n and c e l l i n g 
l o g i c , hence when t h e f i e l d i s r e v e r s e d , o r a l t e r n a t i v e l y when t h e s i g n 
o f t h e p a r t i c l e i s changed , t h e e f f e c t w i l l be t h e same as c o m p l e t e l y 
r e v e r s i n g t h e t u b e p a t t e r n s and hence r e v e r s i n g t h e a s s y m e t r y . I n t h e 
e x p e r i m e n t a l r u n s a p p r o x i m a t e l y e q u a l numbers o f p a r t i c l e s were r e c o r d e d i n 
each f i e l d d i r e c t i o n c o n s e q u e n t l y an a v e r a g i n g o f t h e p r o b a b i l i t i e s o f 
p o s i t i v e and n e g a t i v e c a t e g o r y e r r o r s i s j u s t i f i e d . 
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The method adop ted t o combine t h e s e p r o b a b i l i t i e s w i t h t h e b a s i c shape 
d e r i v e d i n s e c t i o n ( i ) i s t o add t o g e t h e r t h e b a s i c a c c e p t a n c e f u n c t i o n s , 
a t g i v e n d e f l e c t i o n s , f o r c a t e g o r i e s N - 3 t o K + > , each b e i n g v.-eighted 
a c c o r d i n g t o t h e p r o b a b i l i t i e s o f b e i n g i n e r r o r by +3 t o -3 c a t e g o r i e s 
r e s p e c t i v e l y , ( i . e . t h e w e i g h t g i v e n t o N - 3 i s t h e p r o b a b i l i t y o f an 
e r r o r o f +3 c a t e g o r i e s , I I - 2 t h a t o f +2 c a t e g o r i e s , e t c ) . T h i s g i v e s t h e 
f i n a l c a t e g o r y a c c e p t a n c e f u n c t i o n s f o r t h e c e n t r a l c a t e g o r y « s and i s 
i l l u s t r a t e d i n t a b l e 3.1b. 
I n t h i s t a b l e M i s t h e c a t e g o r y number whose shape i s b e i n g d e r i v e d , 
and A t h e d e f l e c t i o n , hence A* i n t h e f i r s t co lumn r e p r e s e n t s the d i f f e r e n c e 
f r o m t h e c e n t r a l v a l u e o f A ( i . e . N/2 c m . ) f o r each c a t e g o r y . Columns 2 t o 6 
show the b a s i c c a t e g o r y a c c e p t a n c e f u n c t i o n s f o r t h e c a t e g o r i e s N - J t o 
N -i- 31 a l l o f w h i c h c o n t r i b u t e t o c a t e g o r y N due t o the p r o b a b i l i t y o f w i o n g 
c a t e g o r i z a t i o n , as d i s c u s s e d . The l a s t t h r e e co lumns ahov; t h e r e s u l t i n g 
shape o f t h e accep t ance f u n c t i o n s , f i r s t l y when t h e e f f e c t s o f i n t r i n s i c 
w r o n g c e l l i n g a l o n e a r e c o n s i d e r e d , t h e n w i t h t h e a d d i t i o n o f i n e f f i c i e n t 
f l a s h - t u b e s , and f i n a l l y w i t h t h e a d d i t i o n o f a l l t h r e e f a c t o r s i n c l u d i n g 
t h e e f f e c t o f k n o c k - o n e l e c t r o n s . The d a t a shown i n t hese t h r e e c o l u m n s , 
r e p r e s e n t i n g t h e s u c c e s s i v e a d d i t i o n o f t h e t h r e e causes o f i n c o r r e c t c e l l i n g 
t o t h e c a t e g o r y a c c e p t a n c e f u n c t i o n shape , a r e shown g r a p h i c a l l y i n f i g u r e 3.15 
where i t has been assumed t h e f u n c t i o n s a r e s y m m e t r i c a b o u t A'= 0. 
3.4 .3 Tftttiod B 
The second method o f c a l c u l a t i n g t h e c a t e g o r y a c c e p t a n c e f u n c t i o n n e c e s s i t 
a t e d t h e s e t t i n g up o f a c o m p u t e r mode l o f t h e r e l e v a n t p a r t s o f the s p e c t r o -
g r a p h . Such a mode l i n v o l v e d b e n d i n g p a r t i c l e s i n t h e m a g n e t i c f i e l d , and 
p r o j e c t i n g them i n s t r a i g h t l i n e s a c r o s s t h e gaps be tween t h e magnet b l o c k s . 
M o d e l s o f t h e momentum s e l e c t o r t r a y s , c o m p l e t e w i t h c e l l i n g l o g i c were l o c a t e d 
a t t h e i r c o r r e c t p o s i t i o n s i n t h e c e n t r e and a t t h e e x t r e m i t i e s o f t h e 
' m o d e l ' s p e c t r o g r a p h . P a r t i c l e s o f g i v e n momenta, and hence knov/n d e f l e c t i o n , 
were f i r e d t h r o u g h t h e mode l i n s t r u m e n t r r i t h t h e t r i a n g u l a r i n c i d 9 n t anp;?.e 
d i s t r i b u t i o n , and w i t h a random l a t e r a l p o s i t i o n a c r o s s one t u b e s p a c i n g 
( t h i s i s s u f f i c i e n t s i n c e t h e t u b e p a t t e r n and t h e e l e c t r o n i c c i r c u i t r y -
r e p e a t s e v e r y t u b e s p a c i n g ) . The e f f i c i e n c i e s o f t h e f l a s h - t u b e s e s t i m a t e d 
i n s e c t i o n 5 . 3 .5 . >"ero e m p l o y e d , t h e t u b e s b e i n g assumed t o be u n i f o r m l y 
e f f i c i e n t a c r o s s t h e i r e n t i r e i n t e r n a l d i a m e t e r . 
I n i t i a l l y , f o r p a r t i c u l a r momenta, t h e p r o p o r t i o n o f e v e n t s a l l o c a t e d 
t o c a t e g o r y z e r o was c a l c u l a t e d . The r e s u l t s o f t h i s a r e shown i n f i g u r e 
3.16 where t h e y a r e compared w i t h t h e c u r v e c a l c u l a t e d by M e t h o d A u s i n g the 
i n t r i n s i c p l u s f l a s h - t u b e i n e f f i c i e n c y w r o n g c e l l i n g p r o b a b i l i t i e s . T h i s 
c o m p a r i s o n i s made s i n c e no a c c o u n t i s t a k e n o f k n o c k - o n e l e c t r o n s f r o m the 
g l a s s o f t h e f l a s h - t u b e s . 
5.4.4 Compar i son o f I . lethods A and B 
As can be seen t h e two me thods do n o t a g r e e , t h e d i s t r i b u t i o n f r o m 
Method A b e i n g s l i g h t l y b r o a d e r . The r e a s o n f o r t h e d i s a g r e e m e n t i s t h o u g h t 
t o be i n t h e f a c t t h a t t h e p r o b a b i l i t i e s o f w r o n g c e l l i n g f o r each l e v e l a r e 
n o t i n d e p e n d e n t , as has been assumed i n .Method A . F i g u r e 5.17 i l l u s t r a t e s 
t h i s none i n d e p e n d e n c e . F o r g i v e n a n g l e s f r o m - 8 ° t o + 8 ° t o t h e v e r t i c a l 
1000 p a r t i c l e s o f i n f i n i t e momentum ( i . e . h a v i n g s t r a i g h t l i n o t r a j e c t o r i e s 
and hence no d e f l e c t i o n ) were f i r e d t h r o u g h t h e model o f t h e s p e c t r o g r a p h 
( m u l t i p l e s c a t t e r i n g o f t h e p a r t i c l e s was n e g l e c t e d ) , and a t each l e v e l i t 
was a s c e r t a i n e d w h e t h e r o r n o t t h e c o r r e c t c e l l had been a l l o c a t e d by t h e 
c e l l i n g l o g i c . The g r a p h s i n f i g u r e 5.17 show the number o f t i m e s w r o n g 
c e l l i n g o c c u r r e d i n each o f two l e v e l s s i m u l t a n e o u s l y f o r t h e sajne t r a c k . 
The h i s t o g r a m s show t h e r e s u l t s o b t a i n e d and t h e s o l i d l i n e i s t h a t e x p e c t e d 
f r o m t h e i n d i v i d u a l p r o b a b i l i t i e s o f w r o n g c e l l i n g a t each l e v e l a s s u m i n g 
c o m p l e t e independence o f c e l l a l l o c a t i o n a t t h e • t w o l e v e l s . T h e r e i s l i t t l e 
agreement be tween o b s e r v a t i o n and e x p e c t a t i o n , i n d i c a t i n g t h a t t he t h r e e 
l e v e l s a r e n o t i n d e p e n d e n t . However t h e s i t u a t i o n d e p i c t e d i n L ie thod £ i s 
a r t i f i c i a l i n t h a t e v e r y t h i n g i s p r e c i s e l y d e f i n e d . I n p r a c t i c e t h i s i s n o t 
t h e case and i t i a c o n s i d e r e d t h e t h r e e l e v e l s a re f a r l e s s i n t e r - r e l a t e d 
t h a n p r e d i c t e d by t h e Method B . F i r s t l y , a s w i l l be shown i n t h e n e x t c h a p t e r , 
t he a l i g n m e n t o f the t r a y s i s o n l y known t o w i t h i n -^0.5 mm and t h i s i s most 
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t h e p r e c i s e l y d e f i n e d s i t u a t i o n o f M e t h o d E , and s e c o n d l y , and p r o b a b l y most 
i m p o r t a n t , t h e e f f e c t o f m u l t i p l e cou lomb s c a t t e r i n g o f t h e p a r t i c l e s t r a c k 
i n t h e i r o n v . T i l l remove t h e c o r r e l a t i o n s . 
To t e s t t h i s a s s u m p t i o n t h o e f f e c t o f m u l t i p l e s c a t t e r i n g was added t o 
t h e c o m p u t e r s i m u l a t i o n , t h e p a r t i c l e s b e i n g g i v e n a l a t e r a l s h i f t and 
a d d i t i o n a l a n g u l a r d e f l e c t i o n a c c o r d i n g t o the e q u a t i o n s o f i i o s s i and O r e i s e n 
( l 9 4 ? ) f and as o u t l i n e d i n A p p e n d i x G. Fox- d i f f e r e n t momenta t h e numbers o f 
p a r t i c l e s a l l o c a t o d t o c a t e g o r i e s 0 t o 4 were c o u n t e d . Momenta w h i c h 
c o r r e s p o n d r o u g h l y t o a d e f l e c t i o n r ange 0 t o 4 cm. were c o n s i d e r e d . The 
r e s u l t s a r e shown i n f i g u r e 3 .18 as t h e e x p e r i m e n t a l p o i n t s , t h e s o l i d l i n e -
b e i n g t h a t c a l c u l a t e d u s i n g M e t h o d A . I t can be seen t h a t as t h e c a t e g o r y 
number i n c r e a s e s , t h e n i n d e e d t h e shape o f i h e c a t e g o r y a c c e p t a n c e f u n c t i o n 
c a l c u l a t e d by t h e two methods b e g i n t o a g r e e . T h i s agreement a t h i g h e r 
d e f l e c t i o n s i s due t o t h e a b s o l u t e v a l u e o f t he m u l t i p l e s c a t t e r i n g i n c r e a s i n g 
as t h e d e f l e c t i o n i n c r e a s e s , and. hence any c e l l i n g c o r r e l a t i o n s be tween t h e 
l e v e l s b e i n g more s.nd more r e m o v e d . 
S i n c e i t i s b e l i e v e d t h a t i n p r a c t i c e each l e v e l i n t h e s p e c t r o g r a p h 
i s v e r y n e a r l y i n d e p e n d e n t o f t h e o t h e r s , and. s i n c e i t a p p e a r s t h a t t h e o n l y 
d i f f e r e n c e be tween t h e two me thods w o u l d o c c u r w i t h t he f i r s t f ew c a t e g o r i e s , 
and t h e s e w o u l d be removed, due t o u n c e r i a i n t i e s i n t r a y p o s i t i o n s , t h e n f o r 
t h e f i n a l shape o f t h e c a t e g o r y a c c e p t a n c e f u n c t i o n , t h a t c a l c u l a t e d i n 
Method A w i t h a l l o w a n c e f o r a l l t h r e e e f f e c t s o f w r o n g c e l l i n g has been 
u s e d . I t i s f o u n d t h a t a t h i g h e r c a t e g o r y numbers t h e sh?.pe o f t h e f u n c t i o n 
i s n o t d r a s t i c a l l y changed , and a l s o i n t h i s r e g i o n t h e measured s p e c t r u m 
i s n o t as s e n s i t i v e t o t h e shape , due t o t h e f o r m o f t h e d e f l e c t i o n s p e c t r u m , 
as a re t h e l o w e r numbered c a t e g o r i e s . 
3.5 Summary 
I n t h i s c h a p t e r i t has been shown how t h e c o r r e c t e d t r i a l d e f l e c t i o n 
s p e c t r u m i s c a l c u l a t e d , and how t h e shape o f t h o c a t e g o r y a c c e p t a n c e f u n c t i o n s 
a r e e s t i m a t e d . The n e x t c h a p t e r w i l l show how t h e s e t?/o a r e b r o u g h t t o g e t h e r 
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THE KOKENTUK SPECTflUM - RESULTS 
4.1 I n t r o d u c t i o n 
T h i s c h a p t e r i s c o n c e r n e d w i t h t h e p r e d i c t i o n o f t h e q u a n t i t i e s 
measured w i t h t h e s p e c t r o g r a p h , t a k i n g i n t o a c c o u n t t h e f a c t o r s d i s c u s s e d 
i n c h a p t e r 3, and t h e i r c o m p a r i s o n w i t h t he e x p e r i m e n t a l d a t a c o l l e c t e d . 
The v a r i o u s s o u r c e s o f e r r o r a r e c o n s i d e r e d and f i n a l l y a b e s t e s t i m a t e 
o f t h e muon s p e c t r u m i s p r e s e n t e d . 
The b a s i c a l l o c a t i o n i n t h e d e v i c e RU'DI i s i n t o t h e % cm. c a t e g o z ' i e s 
d i s c u s s e d i n c h a p t e r 3. However as i n d i c a t e d i n c h a p t e r 2, i t i s p o s s i b l e 
t o a l t e r t h e w i d t h o f t h e c a t e g o r i e s such t h a t e f f e c t i v e l y t h e c o n t e n t s 
o f a d j a c e n t c a t e g o r i e s a r e added t o g e t h e r i n p a i r s and d i s p l a c e d i n t h i s 
f a s h i o n on t h e PHA. The a d v a n t a g e o f t h i s t e c h n i q u e i s t h a t l a r g e r d e f l e c t i o n s , 
and hence l o w e r momenta may be s t u d i e d . The c o m b i n a t i o n s o f t h e c e l l s a r e 
shown i n c h a p t e r 2 . 
No a t t e m p t has been made t o a n a l y s e t h e d a t a c o n t a i n e d i n c a t e g o r y 23 
w i t h e i t h e r c a t e g o r y c o n f i g u r a t i o n ( c a t e g o r y 23 c o n t a i n s t h e sum o f a l l 
t h e c a t e g o r i e s ^-23). I t was c o n s i d e r e d t h a t due t o u n c e r t a i n t i e s i n t h e 
p e r f o r m a n c e o f t h e momentum s e l e c t o r t r a y c e l l a l l o c a t i o n l o g i c f o r l o w 
momentum p a r t i c l e s a t l a r g e a n g l e s , and u n c e r t a i n t y i n t h e o v e r a i l s p e c t r o -
g r a p h a c c e p t a n c e , no u s e f u l measurements a t t h e l o w momenta c o r r e s p o n d i n g 
t o c a t e g o r y 23 c o u l d be made. 
A p a r t f r o m t h e e x p e r i m e n t a l r u n s w i t h t h e m a g n e t i c f i e l d o n , s e v e r a l 
r u n s were made w i t h z e r o f i e l d . The p u r p o s e o f t h e s e i 3 t o check t h e 
a l i g n m e n t o f t he f l a s h - t u b e t r a y s , and t h i s i s d i s c u s s e d i n s e c t i o n 4 .5«1« 
S e c t i o n s 4.3 and 4*4 c o n t a i n the p r e d i c t e d and e x p e r i m e n t a l r e s u l t s w i t h 
t h e f i e l d o n . 
4.2 The D e f l e c t i o n . ' j oec t rum. 
T a b l e 4 . 1 t a b u l a t e s t h e t r i a l d e f l e c t i o n s p e c t r u m a t 1 cm. d e f l e c t i o n 
i n t e r v a l s , t o g e t h e r w i t h t he c o r r e c t i o n s as d e r i v e d i n c h a p t e r Two-
p o i n t s s h o u l d be n o t e d c o n c e r n i n g the mechan i c s o f t h e c a l c u l a t i o n s : 
has n o t been a p p l i e d , t o t h e d e f l e c t i o n s p e c t r u m d i r e c t l y . As i t i s s m a l l , 
and v a r i e s s l o w l y w i t h d e f l e c t i o n , i t s u f f i c e s t o a p p l y t h e c o r r e c t i o n c o r r e s -
p o n d i n g t o the mean d e f l e c t i o n o f t he c a t e g o r y , t o the e x p e c t e d r a t e s 
( b ) i n o r d e r t o g i v e an a b s o l u t e d e t e r m i n a t i o n o f t he s p e c t r u m a c o r r e c t i o n 
has t o be made f o r t h e e f f i c i e n c i e s o f t he s c i n t i l l a t i o n c o u n t e r s w h i c h 
p r o v i d e t h e m a i n t r i g g e r f o r t h e s y s t e m . T h i s e f f i c i e n c y has been measured 
as d e s c r i b e d l a t e r i n c h a p t e r 7 f i n c o n j u n c t i o n w i t h t h e a b s o l u t e r a t e 
e x p e r i m e n t , and has been assumed t o be i n d e p e n d e n t o f t h e m u o n ' a ragmenturn. 
A l l o w a n c e f o r t h e e f f i c i e n c y i s n o t made i n t h e d e f l e c t i o n s p e c t r u m b u t i n 
t h e e f f e c t i v e l i v e t i m e o f t he e x p e r i m e n t a l r u n s . The e x p e c t e d r a t e s a r e 
t h u s q u o t e d i n t e rms o f u n i t s o f e f f e c t i v e t i m e . 
As w i l l become a p p a r e n t l a t e r , t h e s t a t i s t i c a l e r r o r s on t h e o b s e r v e d 
numbers o f e v e n t s i n a c a t e g o r y can be as s m a l l as ~ 1 ; ' : ' , hones t h e c a l c u l a t i o n 
have been p e r f o r m e d w i t h e x t r e m e c a r e , and i t i s c o n s i d e r e d t h a t any e r r o r s 
r e s u l t i n g f r o m t h e m e c h a n i c s o f t h e c a l c u l a t i o n s w i l l be i n s i g n i f i c a n t . 
4.3 E x p e c t e d Ra te3 and I.iean Momenta . 
The e x p e c t e d r a t e s f o r the J cm. c a t e g o r i e s axe c a l c u l a t e d f r o m t h e 
f o l l o w i n g e q u a t i o n : 
and t h e mean momentum o f the c a t e g o r y c o r r e s p o n d i n g t o t h e mean d e f l e c t i o n 
w h i c h i s c a l c u l a t e d f r o m : 
( a ) t h e c o r r e c t i o n f o r m u l t i p l e cou lomb s c a t t e r i n g g i v e n i n s e c t i o n i>«3 .1 
c a l c u l a t e d f o r t h a t c a t e g o r y , as d e r i v e d i n t h e n e x t s e c t i o n . 
Ra t e 
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whore ? n(A) i s t h e c a t e g o r y a c c e p t a n c e f u n c t i o n as g i v e n i n s e c t i o n 3 . £ M 
f ind K C(A) t h e c o r r e c t e d d e f l e c t i o n s p e c t r u m g i v e n i n t h e p r e v i o u s s e c t i o n , 
4 . 2 . For t h e 1 cm. c a t e g o r i e s t h e e x p e c t e d r a t e s and mean momenta a r e 
c a l c u l a t e d by c o m b i n i n g t h e a p p r o p r i a t e two j> cm. c a t e g o r i e s . T a b l e 4-2 
shows t h e mean d e f l e c t i o n s and t h e c o r r e s p o n d i n g mean momenta o f t h e c & t e g o r i e 
and a l s o t h e f i n a l e x p e c t e d r a t e s f o r each c a t e g o r y . R e s u l t s a r e g i v e n 
b o t h f o r t h e -5- and 1 cm. c a t e g o r i e s . The r a t e s a r e q u o t e d a3 p e r e f f e c t i v e 
h o u r and have been c o r r e c t e d f o r m u l t i p l e s c a t t e r i n g i n t h e manner d e s c r i b e d . 
I t i s t o be n o t e d t h a t t h e e x a c t v a l u e s o f t h e mean momenta a r e n o t 
c r i t i c a l so Ion.? as t h e sha.pe o f t he s p e c t r u m w i t h r e s p e c t t o the t r i a l 
s p e c t r u m does n o t v a r y r a p i d l y o v e r t h e e x t e n t o f t h e r e l e v a n t c a t e g o r y . 
4.4 F u l l F i e l d Huns ' 
4.4.1 I n t r o d u c t i o n 
The s p e c t r o g r a p h v;as o p e r a t e d f o r t h e p u r p o s e o f t h i s e x p e r i m e n t f o r 
a p e r i o d o f 0 months f r o m A p r i l t o November 1972. D u r i n g t h i s t i m e d a t a 
was c o l l e c t e d b o t h i n t h e cm. and 1 cm. c a t e g o r i e s , a t o t a l o f o v e r 
10^ e v e n t s b e i n g r e c o r d e d . O p e r a t i o n was n o t c o n t i n u o u s , b e i n g d i v i d e d 
i n t o a s e r i e s o f ' r u n s ' , each r u n b e i n g a p p r o x i m a t e l y 12 h o u r s i n d u r a t i o n , 
and g e n e r a l l y t a k i n g p l a c e o v e r n i g h t . A f t e r each r u n t h e m a g n e t i c f i e l d 
vras r e v e r s e d t o m i n i m i s e any i n s t r u m e n t a l b i a s e s . I i o u g h l y e q u a l numbers o f 
p a r t i c l e s were r e c o r d e d i n each f i e l d d i r e c t i o n . T a b l e 4.3 shows a r o u g h 
b reakdown o f t h e numbers o f p a r t i c l e s c o l l e c t e d , and t h e r e l e v a n t t i m e s . 
I t can be seen t h a t the t o t a l r u n n i n g t i m e was 3182.3 h o u r s , v /h ich due t o 
a n a r a l y s i s o f - 3 « 5 seconds be tween e v e n t s , r e s u l t e d i n a l i v e t i m e o f 
1507.8 h o u r s . I t i s a l s o a p p a r e n t f r o m the t a b l e t h a t t h e g r e a t p r o p o r t i o n 
o f d a t a , ~87;' f o r t he g cm. c a t e g o r i e s and -.73','$ t n e 1 cm. c a t e g o r i e s , 
l i e s i n c a t e g o r y 23. T h i s l e a v e s a t o t a l o f 105523 p a r t i c l e s i n t h e 3- cm. 
and 91911 i n t h e 1 cm. c a t e g o r i e s w h i c h can be a n a l y s e d . The d i v i s i o n o f 
t h a t d a t a i n t o c a t e g o r i e s 0 - 2 2 f o r b o t h t y p e s o f c a t e g o r y i s shown i n 
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1 CIA. CATEGORIES 1 CM. C.V. 
P o s i t i v e F i e l d N e g a t i v e i - l e l d P o s i t i v e F i e l d Wegat i v e F i e l d 
u - H + u - u-
0 31 45 4 1 41 55 45 43 51 
1 152 82 124 92 198 144 200 156 
2 222 176 244 176 384 30.1 376 307 
3 3 9 3 277 3 6 9 314 538 416 5 6 3 • 451 
4 543 424 525 451 658 545 6 8 9 550 
5 • 680 522 664 538 841 628 S86 677 
6 852 658 857 670 978 753 941 710 
7 950 749 883 726 1046 834 1058 832 
8 I O 9 6 883 1149 920 1100 8 3 6 1207 8 6 3 
9. 11.5 3 905 1150 990 1245 978 1153 925 
TO 1 3 6 3 1090 • 1277 1045 1205 10 35 ' 1353 901 
11 1405 1071 1408 1116 1 2 9 3 1035 1330 1042 
12 1615 1 2 3 6 1443 1172 1432 1088 1337 1042 
13 1576 1280 1548 1274 1445 1096 1493 1123 
14 1784 1433 17 37 1326 1480 1114 1403 1080 
15 1808 1402 1686 1374 1418 1123 1453 3110 
16 197 3 1467 1926 1398 1412 1173 1460 U 5 4 
17 1860 1458 1834 I462 1486 1159 1465 11 31 
18 1931 1597 1311 1602 1506 1170 1600 U 9 3 
19 1985 1618 2003 1556 1527 1 & ' ) 154 3 1186 
2 0 2066 1682 2137 1607 1476 1192 1542 1095 
21 2160 1660 2106 1636 1486 1153 154 3 1114 
22 2227 1642 2148 1614 1488 1141 1507 1139 
TOTAL 29830 23357 29236 23100 25647 20146 26154 19912 
T a b l e 4 .4 
The d a t a f r o m c a t e g o r i e s 0 - 2 2 f o r b o t h 
s i g n s o f •••.uon and f i e l d d i r e c t i o n 
1—1—I—I I r—i—i CO 
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54 
i n d i c a t e d s e p a r a t e l y . Each o f these numbers i s the t o t a l of the 8 angular 
ranges i n t o which RUDI a l l o c a t e s the events. These angular-range d i v i s i o n s 
provide a u s e f u l check t h a t the instrument i s working c o r r e c t l y . The 
o r i g i n a l data was examined c a r e f u l l y f o r any obvious e r r o r s due t o 
inst r u m e n t a l m a l f u n c t i o n and any such data were r e j e c t e d . 
Figures 4.1 and 4.2 show the measured t o t a l category d i s t r i b u t i o n s 
f o r the - j j cm. and 1 cm. categories r e s p e c t i v e l y . Also shown on these 
diagrams i s a l i n e drawn through the expected values. For the -j? cm. categories 
i t i s seen t h a t there appears t o be some evidence o f grouping o f adjacent 
c a t e g o r i e s p a r t i c u l a r l y i n the middle r e g i o n . This i s considered to be 
due t o some i n s t r u m e n t a l edge e f f e c t , ( a t present unknown), and i s not 
important since i t i s believed t h a t the mean values o f the adjacent categories 
w i l l be c o r r e c t . I n the 1 cm. d i s t r i b u t i o n i t i s seen t h a t the grouping 
disappears l e n d i n g support t o the correctness o f the mean, values of the 
2 cm. d i s t r i b u t i o n . Any f l u c t u a t i o n s i n the 1 cm. d i s t r i b u t i o n can be shown 
to be s t a t i s t i c a l and only one frequency value i s outside 2 standard d e v i a t i o n s 
from a smooth l i n e drawn through the data, approximately 2/3 l y i n g w i t h i n 
1 standard d e v i a t i o n . 
4.4.2 Comparison of the Observed data w i t h Expectation 
The t o t a l l i v e time f o r the ^  cm. cate g o r i e s was 1156.9 hours and f o r 
the 1 cm., 350.7 hours. When combined w i t h the s c i n t i l l a t i o n counter 
e f f i c i e n c y of Q.894»as der i v e d i n chapter 71 these g i v e e f f e c t i v e times o f 
1034.3 and 313.5 hours r e s p e c t i v e l y . These times were measured w i t h an 
e l e c t r o n i c s c a l e r c o u n t i n g mains frequency a t 50 Hz, and are considered 
accurate to a f r a c t i o n o f a percent." Table 4.5 i s a comparison o f the 
observed numbers of events w i t h those expected i n the above e f f e c t i v e times, 
the l a t t e r being c a l c u l a t e d from the r a t e s given i n t a b l e 4.2. The comparison 
i s also shown i n f i g u r e 4.1 and 4.2. 
I t i s seen t h a t i n both cases the observed numbers l i e above expectations 
i n the low category numbers ( h i g h energy), and l e v e l o f f a t n e a r l y lO/o 
below e x p e c t a t i o n a t high category numbers. The i m p l i c a t i o n s of t h i s are 
2 cm. Categor i e s 1 c 3in. Categories 
"ate<?ory Expected Observed Obs/Exp Expected Observed 
Mo. Ho. llo. i\0. i\'o. 
0 128 158 1.234 157 194 1.^36 
1 391 450 1.151 599 689 1.165 
2 746 818 1.097 1248 1368 1.096 
t 
,i 1231 1353 1.103 1923 1963 1.023 
4 1778 194 3 1.093 2555 2451 0.959 
5 2342 2404 1.026 3129 3032 0.969 
6 2905 3037 1.045 3611 3362 0.937 
7 34-12 3308 0.961 4012 3770 0.940 
P. 4048 1.023 4353 4006 0.920 
q 4472 4198 0.939 4654 4301 0.924 
10 4950 4775 0.965 4906 4574 0.932 
11 5323 5000 0.929 5140 4700 0.914 
12 5777 5466 0.946 5334 4899 0.916 
13 6135 5673 0.926 5484 5157 0.940 
14 6463 6280 0.972 5606 5077 0.906 
15 6775 6270 0.925 5694 5104 0.696 
16 7055 67 64 0.959 5757 5199 0.903 
17 7321 6614 0.903 5600 5241 0.904 
18 7557 7107 0.940 5829 5469 0.958 
19 7736 716? 0.920 5854 5445 0.930 
20 8003 7492 0.936 5854 5305 0.906 
21 8203 7562 0.922 5838 5296 0.907 
22 83 92 7631 0.909 5607 5275 0.903 
Table 4.5 
Comparison o f Observed t o Expected 'vunsbers 
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discussed i n chapter 5. 
4.4-5 The Feasurod. Spectrum. 
The value3 o f the exp e r i m e n t a l l y measured spectrum are obtained by 
m u l t i p l y i n g the values o f the t r i a l spectrum, a t the mean momenta o f the 
categories,by the r a t i o o f the observed t o expected numbers i n t h a t category. 
I t wan found t o be more s a t i s f a c t o r y to read o f f the values o f the t r i a l 
spectrum i n the form p\'(p) against p, p being the muon momentum, since 
t h i s v a r i e s much l e s s r a p i d l y than N(p) alone. Table 4.6 shows the r e s u l t s 
o f t h i s procedure f o r the \ cm. categories and t a b l e 4.7 the same f o r the 
1 cm.. The e r r o r s quoted are p u r e l y s t a t i s t i c a l . Column^ 7 o f these t a b l e s 
show the r e s u l t s obtained when only 9Cy' o f events accompanied by two or 
more e l e c t r o n s from a magnet block are assumed t o cause event r e j e c t i o n 
by s e t t i n g o f f more than one c e l l a t the l e v e l s o f the t r a y s i n the momentum 
s e l e c t o r . This i s discussed i n the next s e c t i o n . 
4 . 4 . 4 The E f f e c t o f Varying t h e Burst Correction 
I n s e c t i o n 3 . 3 . 3 i t was assumed t h a t i f a muon leaves a magnet block 
accompanied by more than one e l e c t r o n , due to electromagnetic i n t e r a c t i o n s 
o f the muon i n the block, then there i s a 100;4 chance o f more than one c e l l 
b eing set i n the t r a y o f the momentum s e l e c t o r , and t h i s could lead t o the 
r e j e c t i o n o f the event. This s e c t i o n examines the e f f e c t upon the o v e r a l l 
c o r r e c t i o n f a c t o r , and hence upon the measured spectrum, o f r e l a x i n g t h i s 
c o n d i t i o n . Reducing the e f f e c t o f the b u r s t s w i l l have the e f f e c t o f 
decreasing the c o r r e c t i o n f a c t o r p a r t i c u l a r l y i n the hi g h energy region 
where i t has the g r e a t e s t e f f e c t . Toere w i l l also be some second order 
e f f e c t upon the momentum independent c o r r e c t i o n s since these were estimated 
by s u b t r a c t i n g the o v e r a l l b u r s t c o r r e c t i o n from the observed r e j e c t i o n 
r a t e s . Figure 4.3 shows the e f f e c t o f reducing t h i s b u r s t c o r r e c t i o n t o 
90^ and Sft^. Table 4.3 shows the r e s u l t o f a p p l y i n g these c o r r e c t i o n s t o the 
d e f l e c t i o n spectrum given i n s e c t i o n 4.2 and i n c l u d i n g the category acceptance 
f u n c t i o n s , given i n terns o f the amount by which the expected r a t e s i n each 
category have to be increased. 
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FIGURE 4-3 The Effect of Reducing the Burst Correction, (i.e. Reducing the 
Number of Electrons which set Extra Cells.). 
Wo. of ^ 2 e l e c t r o n s producing e x t r a c e i l s . 
Category i cm. c a t e g o r i e s 1 cm. c a t e g o r i e s 
No. 90/ 80;;: 9o;» 80., 
0 1.036 1.055 1.033 1.051 
1 1.032 1.046 • 1.024 1.035 
2 1.026 1.039 1.016 1.023 
3 1.022 1.032 1.010 1.016 
4 1.018 1.026 1.007 1.011 
5 1.014 1.021 1.004 1.008 
6 1.012 1.018 1.003 1.006 
7 1.009 1.015 1.002 1.004 
8 1.008 1.013 1.001 1.003 
9 1.006 1.010 1.000 1.002 
10 1.005 1.009 1.000 1.002 
11 1.004 1.008 1.000 1.001 
12 1.003 1.006 1.000 1.001 
13 1.003 1.006 1.000 1.000 
14 1.002 1.005 1.000 1.000 
15 1.001 1.004 1.000 1.000 
16 1.001 1.003 1.000 1.000 
17 1.001 1.003 1.000 1.000 
18 1.000 1.002 1.000 1.000 
19 1.000 1.002 1.000 1.000 
20 1.000 1.002 1.000 1.000 
21 1.000 1.002 1.000 1.000 
22 1.000 1.001 1.000 1.000 
Table 4.8 
The e f f e c t o f v a r y i n g the amount o f ^ 2 e l e c t r o n s 
producing e x t r a c e l l s . 
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I n order to a s c e r t a i n a c o r r e c t value f o r the magnitude o f the b u r s t 
c o r r e c t i o n , photographic records o f events which lias been taken i n a previous 
experiment to i n v e s t i g a t e electromagnetic i n t e r a c t i o n s using the measuring 
t r a y s (ilamdan , 1972) were s t u d i e d . Events which had been assumed 
by the above author to con t a i n two e l e c t r o n s were selected and the d i s -
charged tube patterns i n the tr&ys examined, A t r a c i n g o f a momentum s e l e c t o r 
t r a y tube p a t t e r n , t o the same scale as the measuring t r a y s , v/as super-
imposed at random upon the tube c o n f i g u r a t i o n s , and an estimate made o f the 
momentum t r a y tubes which would have discharged, and hence o f the c e l l s which 
would hs.ve been a l l o c a t e d . . T h i r t y - f o u r such even ts were s t u d i e d , the tube 
p a t t e r n s being superimposed s t s i x random p o s i t i o n s on each. The frequency 
o f 'e x t r a c e l l 3 being a l l o c a t e d was found to be 70 + Allowance must also 
be made f o r the v a r i a t i o n o f the r a t i o o f 2 generated e l e c t r o n s to ^ 3 
e l e c t r o n s w i t h momentum. This r a t i o has been given by Hansen ( p r i v a t e 
communication) and v a r i e s from - 0 . 5 5 a t 400 oeY/c to ~0 .9o a t 20 GeV/c. 
Using the reasonable estimate o f the p r o b a b i l i t y o f ^ 3 e l e c t r o n s producing 
an e x t r a c e l l o f 10O"',it i s found t h a t the o v e r a l l p r o b a b i l i t y o f producing 
a t l e a s t one e x t r a c e l l due t o ^ 2 e l e c t r o n s i s 92;^ at 400 G-eV/c and 89$ a t 
20 GeV/c, w i t h an e r r o r o f + 5^. Hence throughout the c a l c u l a t i o n s a value 
o f 90 + 5% 1 S used as i n d i c a t e d i n the previous s e c t i o n 4• 4«5-
4 . 5 Sources o f L'rror. 
4.5«1» Tray Alignment 
( i ) T h e o r e t i c a l C a l c u l a t i o n s . 
As w i t h a l l spectrograph measurements, and p a r t i c u l a r l y i n t h i s case 
where the instrument i s completely automated, i t i s very important t h a t 
the e r r o r s i n the alignment o f the t r a y s be small. I t i s not as important 
t h a t the t r a y s be v e r t i c a l l y beneath each other but they are r e q u i r e d to 
l i e i n a s t r a i g h t l i n e w i t h respect to one another. I f t h i s was not so, 
the e f f e c t would be to displace the category acceptance f u n c t i o n s r e l a t i v e 
t o the d e f l e c t i o n spectrum causing e i t h e r an increase or decrease i n the 
measured r a t e s depending upon the d i r e c t i o n o f the displacement, the sign 
Category 0.0 cm. 0.10 cm. 0.20 cm. 
displacement displacement displacement 
No. + mean + - mean + - mean 
Expected R a t e in each C a tegor-y (Arbi t rary Un i t 5 ) . 
0 0.230 0.235 0.235 0.235 0.250 O.250 O.250 
1 0.352 0.403 0.309 0.356 0.462 0.275 O.368 
2 0.674 0.756 0.598 0.677 0.841 0.527 0.684 
3 1.115 1.211 1.021 1.116 1.309 0.929 1.119 
4 1.611 1.713 1.509 1.611 1.816 1.406 1.612 
5 2.126 2.230 2.023 2.126 2.333 1.919 2.126 
6 2.642 2.744 2.539 2.642 2.845 2.436 2.640 
7 3.147 3.246 3.047 3.146 3.345 2.946 3.146 
8 3.636 3.732 3.540 3.636 3.827 3.443 3.635 
9 4.107 4.199 .4.014 4.106 4.289 3.921 4.105 
10 4.557 4.644 4.469 4.556 4.731 4.380 4.556 
Table 4.9 
The e f f e c t o f a displacement i n the d e f l e c t i o n 
spectrum on the expected, values o f the r a t e s 
Category Amount o f Displacement (cm.) 
Wo. 0.00 0.05 0.10 0.15 0.20 0.25 
0 1.000 1.006 1.022 1.050 1.088 1.137 
1 1.000 1.003 1.011 1.026 1.046 1.072 
2 1.000 1.001 1.003 1.008 1.014 1.022 
3 1.000 1.000 1.001 1.002 1.004 1.006 
4 1.000 1.000 1.000 1.001 1.001 1.001 
5 1.000 1.000 1.000 1.000 1.000 1.000 
6 1.000 1.000 1.000 1.000 1.000 1.000 
7 1.000 1.000 1.000 1.000 1.000 1.000 
8 1.000 1.000 1.000 1.000 1.0C0 1.000 
9 1.000 1.000 1.000 1.000 1.000 1.000 
10 1.000 1.000 1.000 1.000 1.000 1.000 
T able 4. 10 
The e f f e c t o f a displacement i n the d e f l e c t i o n spectrum on the 
o v e r a l l spectrum measurements. 
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o f the muon, and the d i r e c t i o n of the magnetic f i e l d . Due t o the steepness 
o f the d e f l e c t i o n spectrum i n the high energy r e g i o n i t i s there t h a t there 
w i l l be the most pronounced e f f e c t . Table 4«9 shows the c a l c u l a t e d e f f e c t 
o f d i s p l a c i n g the d e f l e c t i o n spectrum and category acceptance f u n c t i o n 
r e l a t i v e t o each other by given amounts. The distances quoted are the amount 
by which the d e f l e c t i o n spectrum was dis p l a c e d , which i s e f f e c t i v e l y twice 
the amount of misalignment o f the t r a y s since the d e f l e c t i o n i s given by 
a - 2b + c as shown i n chapter 2. The p o s i t i v e and negative signs r e f e r t o 
opposite d i r e c t i o n s of displacement o f the category acceptance f u n c t i o n 
r e l a t i v e t o the d e f l e c t i o n spectrum, each r e p r e s e n t i n g the s i t u a t i o n f o r a 
given s i g n of p a r t i c l e i n a p a r t i c u l a r f i e l d d i r e c t i o n . A l l values are i n 
a r b i t r a r y u n i t s , the value f o r zero displacement being given f o r comparison. 
Prom the p o i n t of view o f the spectrum measurement, i t i s the mean 
values which are important since both signs o f p a r t i c l e and both f i e l d , 
d i r e c t i o n s are combined together. Table 4.10 gives the e f f e c t o f var i o u s 
displacements upon the o v e r a l l spectrum measurements, where i t i s seen t h a t 
i t i s only i n the f i r s t f o u r c a t e g o r i e s t h a t there i s any n o t i c e a b l e e f f e c t , 
i i Experimental Observations. 
The i n i t i a l f l a s h tube t r a y alignment was made u s i n g v e r t i c a l plumb 
l i n e s and cathetometers. Measurements were then made on the z e r o - f i e l d 
d e f l e c t i o n spectrum ( f o r the method o f reducing the f i e l d t o zero see chapter 7 ) . 
I f the momentum s e l e c t o r t r a y s were e x a c t l y a l i g n e d , then the measured 
spectrum would be symmetric and centred on zero d e f l e c t i o n . The d i s t r i b u t i o n s 
are i n f a c t the sum of the m u l t i p l e s c a t t e r i n g d i s t r i b u t i o n s o f the d i f f e r e n t 
momentum muons and i t i s b e l i e v e d t h a t there i s no d i f f e r e n c e between the 
s c a t t e r i n g o f those having p o s i t i v e o r negative charge. Any misalignment 
o f the t r a y s w i l l be r e f l e c t e d i n a displacement o f the mean from zero. 
Consider the f i g u r e 4.4» n, i s the number o f p a r t i c l e s observed i n 
category zero, n^ the t o t a l number w i t h negative d e f l e c t i o n s , and w i t h 
p o s i t i v e d e f l e c t i o n s . I t i s assumed t h a t the d i s t r i b u t i o n i n category zero 
i s f l a t as i n d i c a t e d on the diagram. The p o i n t o f zero d e f l e c t i o n i s 0 





FIGURE4-4 The Notation used in Calculating the Tray Misalignment 
from the Zero-Field RUDI Distributions. 
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FIGURE 4-5 A Typical Zero-Field Distribution. 
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equal numbers l i e on e i t h e r s i d e . L e t y be the distance from C to the lov.er 
edge o f category zero and x be the distance from C to 0 . The c e l l w i d t h , 
w, i s e i t h e r * cm. f o r the J- cm. c e l l s , or lh cm. f o r the 1 cm. c e l l s , 
since the l a t t e r ' s category aero contains three J c r n« c e l l s ( + 1, u ) . 
F i n a l l y n i s the number o f p a r t i c l e s i n the distance y assuming the f l a t 
d i s t r i b u t i o n . Then since G i s the median we have: 
n, + n = n_+ n 7 - n 1 y 2 J y 
n ? " n l + n 3 
t h e r e f o r e n = - ^ 4.3 
y 2 
JL n 2 " n l + n 3 w V n l w w 
3 3 j 
w n 9 " n i 
t h e r e f o r e r. = y - = «W 4.4 
* 2 n } 
The distance x i s twice the amount o f misalignment o f the t r a y s . A f t e r 
the f i r s t few zero-field runs the middle t r a y was moved by the distances 
(x / 2 ) u n t i l f i n a l l y the zaio-fLeld. runs were c o n s i s t e n t w i t h the misalignment 
being small. The r e s u l t s o f the f i n a l f i v e zsru-field runs, v;ith 1 cm. ca t -
e g o r i e s , before the f i e l d was turned on, are shown i n t a b l e ^[.11. A t y p i c a l 
z e r o - f i e l d d i s t r i b u t i o n i s sho'.vn i n f i g u r e 4«5« 
n« X ax 
1 2 3 cm. cm. 
3953 3G37 1409 -0.062 0.046 
4507 4695 I646 +0.086 0.044 
4656 4905 1689 +0.031 0.C44 
4402 4361 1581 -0.019 0.044 
2403 2494 933 +0.073 0.056 
TOTAL 
20101 20292 7256 +0.020 0 .021 
Table 4.11 
The r e s u l t s fror.i the i n i t i a l z e r o - f i e l d runs 
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4 n^ . 
(n^-n,) 
<n2 + n l > + ~TT~ • W
2 4.5 
These are the values quoted i n the f i n a l column o f t a b l e 4.11. 
At the end o f ? i l l the f u l l - f i e l d runs, the magnetic f i e l d was again 
reduced to zero, and x redetermined. This value o f x was found t o be 
- 0.0J2 + 0.031 cm. The conclusion t h a t i s drawn from these values i s t h a t 
the t r a y s are a l i g n e d t o w i t h i n 0.05 cm., and t h a t no appreciable movement 
occurred d u r i n g the ope r a t i o n o f the spectrograph. Considering the f i g u r e s , 
i n t a b l n 4.10, g i v i n g the e f f e c t o f misalignment on the spectrum measure-
ment, i t i s seen t h a t any such e f f e c t , corresponding t o the x values deduced 
above, i s n e g l i g i b l e . 
Further support f o r the s a t i s f a c t o r y alignment o f the t r a y s may be 
obtained by examination of the charge r a t i o of the muons recorded d u r i n g the 
f u l l - f i e l d runs, p a r t i c u l a r l y i n the lower category numbers. Figure 4.6 
shows the expected e f f e c t s o f v a r i o u s t r a y misalignments on the charge r a t i o , 
where an assumed value o f the t r u e r a t i o o f 1.23 i s taken. Also shown f o r 
comparison are the experi m e n t a l l y observed values from the \ cm. category 
runs. As can be seen the r e s u l t s are c o n s i s t e n t w i t h the t r a y s being 
aligned t o w i t h i n 0.05 cm. 
4.5.2 Other -ourceK o f E r r o r 
So f a r two sources o f e r r o r have been discussed, the e f f e c t o f v a r y i n g 
the amount o f b u r s t c o r r e c t i o n , and the e f f e c t o f a misalisriment o f the 
t r a y s . A best estimate o f the former has been taken, w h i l s t the l a t t e r has 
been shown t o be n e g l i g i b l e . Other f a c t o r s which w i l l have an e f f e c t on 
the spectrum, p a r t i c u l a r l y i t s absolute h e i g h t are, the magnitude o f the 
magnetic f i e l d , the e f f i c i e n c y o f the f l a s h - t u b e s , the values o f the o v e r a l l 
acceptance, and the e f f i c i e n c y o f the s c i n t i l l a t i o n counters. Each o f these 
i s now considered i n t u r n . 
(a) The magnetic f i e l d : 60 
I t was shown i n s e c t i o n 2.3 t h a t the best estimate o f the magnitude o f 
the f i e l d was 16.3 kG + 1%. The e f f e c t o f t h i s 1% v a r i a t i o n on the c a l c u l a t e d 
d e f l e c t i o n spectrum i s estimated as f o l l o w s : 
Over a l i m i t e d range of d e f l e c t i o n the r e l a t i o n between momentum and 
d e f l e c t i o n can be w r i t t e n as : 
(p -<x) A = C 4.6 
where K i s a constant, r e p r e s e n t i n g h a l f the energy l o s s o f the muon 
through the magnet, and C i s a constant p r o p o r t i o n a l t o the magnitude o f 
the f i e l d . From t h i s we have : 
^ • " ^ 4.7 . 
dA it 
Mow i f we represent the d i f f e r e n t i a l momentum spectrum, again over a 
l i m i t e d r e g i o n , by : 
N(p) A p " Y 4.8 
then we have: 
N(A) - M ( p ) . J j = A p " ^ 
t h e r e f o r e N(A) = A(^ + «* )~ - ~ 4.9 
From the t r i a l spectrum, "Y i s found t o be ~2.5 a t 20 GeV/c and « 3 . 5 
a t 500 GeV/c. P u t t i n g i n reasonable values (, - 4 GeV ) f o r the energy 
loss c. , and v a r y i n g C by + 1%, the e f f e c t on K(A) i s shorn i n t a b l e 4.12. 
A cm p OeV/c Y Wo N(A) % 
24 20 2.5 1.0 1.0 
5.86 70 3.0 1.0 1.9 
0.78 500 5.5 1.0 2.5 
Table 4.12 
The e f f e c t o f a 1% e r r o r i n the f i e l d on the c a l c u l a t e d 
d e f l e c t i o n snectrum. 
These f i su res are consistent wi th the f a c t that a t higher energies, 
when energy loss i s n e g l i g i b l e , N( A ) varies as C ~ ^ + ^ . 
(b) The e f f i c i e n c y of the f l a sh tubes; 
I n section 3.3.3 the e f f i c i e n c i e s of the i nd iv idua l f lash-tube trays 
were calculated wi th t h e i r corresponding e r ro r s . Combining these we f i n d 
that the ove ra l l f l a sh tube e f f i c i e n c y i s 90.0 40.5/b. 
(c) Overall acceptance: 
In Appendix B i t i s shown that the acceptance corresponding to muons 
o f i n f i n i t e momentum i s 400 + 2 om2B!"t "the er ror a r i s i n g because o f the 
uncertainty in the e f f e c t i v e separation of the s c i n t i l l a t i o n counters due 
to t h e i r f i n i t e thickness. Since in the momentum range o f the measured 
spectrum, the minimum value o f the r e l a t i v e acceptance i s ~ 0.93 then i t i s 
considered that the errors on these values w i l l be small . Consequently the 
e r ro r quoted on the overa l l acceptance w i l l be 0.5/ :'» coming from the i n f i n i 
momentum value alone. 
(d) The e f f i c i e n c y of the s c i n t i l l a t i o n counters: 
The ca lcu la t ion of the e f f i c i e n c i e s o f the s c i n t i l l a t i o n counters i s 
shown i n chapter 7. The ove ra l l value i s found to be 0.394 + 0.002, i . e . 
the uncertainty i n the e f f i c i e n c y i s 0.2v.'j. 
4.5«3 Combination o f a l l n o n - s t a t i s t i c a l (systematic) e r ro r s . 
Table 4.13 a n d f igure 4c7 show the various sources o f e r ro r , the t o t a l 
e r ro r being obtained by summing the i nd iv idua l errors i n quadrature. The 
e f f e c t of a 5$ va r i a t ion i n the burst correct ion i s also included, and i t 
i s seen that t h i s , together wi th the e f f e c t of the er ror on the magnetic 
f i e l d , const i tu te the only er rors a f f e c t i n g the r e l a t i v e shape of the 
spectrum. The sum o f these in quadrature i s also indicated. I t i s to be 
noted that roost o f the e r ror arises from the e r ro r in the magnetic f i e l d . 
These errors must be added d i r e c t l y to the s t a t i s t i c a l er rors since they 
r e f l e c t uncer ta in t ies i n the a.bsolute height of the spectrum, and are not 
random e r ro r s . V/hen considering the shape of the spectrum i t i s necessary 
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the region o f i n t e re s t . The t o t a l uncertainty i n the absolute height i s 
thus .seen to vary from -1.2?; at 20 GeV/c to -2.9,-, at 500 GeV/c, wh i l s t the 
the errors on the 3haoe, which are assumed to be 0/1- at 20 GeV/c, vary from 
-0.9?* at 70 GeV/c to -1.8//: at 500 GeV/c. These values are noted to be 
comparable wi th the s t a t i s t i c a l e r rors , and therefore must be taken into 
account. 
6.6 The Maximum Detectable Momentum 
The usual d e f i n i t i o n o f the maximum detectable momentum (m.d.ii i .) i s 
that momentum at which the e r ro r on the measurement of momentum i s equal 
to the momentum i t s e l f . A o^re f requent ly one i s dealing wi th def lec t ions 
rather tha.n momentum d i r e c t l y , and hence a quant i ty , the minimum detectable 
de f l ec t ion can be l ikewise def ined . fYhat has usually been done, w i th many 
previous spectrographs, i s to add the m.d.in. correct ion in quadrature wi th 
the mul t ip l e sca t te r ing correc t ion to define an e r ror on the momentum as 
5p given by 
where c i s the sca t te r ing cor rec t ion , and P , i s the ln.d.m. o f the instrument. 
mdm 
By working wi th the category acceptance func t ions , as discussed, account 
has e f f e c t i v e l y been taken of the locat ion e r rors , which are the main 
contr ibutory fac tors to the m.d.m. cor rec t ion , consequently no addi t ion has 
been made to the sca t te r ing correct ion as in equation 4.10. 
However i n order to assess the working of the system one may define a 
quan t i ty , which can be l ikened to the m.d.m. in t h a t . i t #ives a measure of 
the extent o f the uncertainty in momentum measurement. 'This i s the KMS 
value-of the category -zero acceptance f u n c t i o n , which is found to be 0.536 cm. 
This corresponds to a momentum o f G'(0 jeV/c, Hence, i t i s possible to define 
the m.d.m. as 670 GeV/c, although no cor rec t ion , as such, need be applied 
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FIGURE 4-9 The Measured Momentum Spectrum from the 1cm. Categories. 
6.3 
4.7 The Begt Estimate of the Spectrum 
Figures 4.6 and 4.9 show the f i n a l r e su l t s from the \ cm. and 1 cm. 
categories respect ive ly , i n the form p K(p) . Due to the obvious systematic 
va r i a t i on of a l ternate points in the J- cm. d i s t r i b u t i o n , and. to the closeness 
o f the points i n the lower energy region, a l l the data have been combined 
to produce a best estimate o f the spectrum from 20 GeV/c to 500 ueV/c. 
The grouping together was made over three separate regions as fo l l ows : 
(a) p <40 QeY/c. 
In t h i s region the data, a l l except the point indicated, come from 
the 1 cm. r e su l t s . The grouping i s shown in table 4»14. The mean values 
of N(p) and p K(p) were found by weighting wi th the square of the s t a t i s t i c a l 
e r rors , that i s by the numbers of events, and the mean value o f momentum 
p i s found from the mean values of i j ( p ) and p iJ(p). This method gives the 
most s a t i s f ac to ry resu l t s because of the steepness of the 1-S'vp) spectrum 
which makes an accurate value of the mean momentum d i f f i c u l t to ca lcula te . 
(b) 40 GeV/c < p < 200 GeV/o. 
In t h i s region there i s complete overlap of the js- cm. and 1 cm. data, 
hence the \ cm. data has been added, together to give equivalent 1 cm. 
categories and combined w i t h the corresponding 1 cm. category. Table 4.1> 
shows the resu l t s of t h i s procedure. Values of the r a t i o of observed to 
expected numbers were obtained i n the same manner as before, and the values 
o f the t r i a l spectrum, assuming an e f f e c t i v e 90/' burst cor rec t ion , m u l t i p l i e d 
by t h i s r a t i o are p lo t t ed at the mean momenta o f the 1 cm. categories. 
(c ) p >200 GeV/c. 
As i n (b) there i s an overlap of data. I n order to maximise the number 
o f points i n t h i s region the data have not been combined in to 1 cm. categories 
but in a manner s imi l a r to that i n ( a ) . Table 4.16 shows the resul t s of 
these ca lcu la t ions . 
Also- shown in tables 4.14, 4.15, an'i 4.16, are the s t a t i s t i c a l errors 
based on the number of events recorded, together w i th the n o n - s t a t i s t i c a l 
(systematic) errors which a f f e c t the shape of the .-spectrum. The t o t a l e r ror 
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Figures 4.1G and 4 . H show p lo t s of the best estimate of the measured 
spectrum in the form N(p) aiid p" N(p) respect ively , li'hs meri t of the l a t t e r , 
when considering the de ta i l s of the spectrum, i s immediately obvious from 
there f i gu re s . Errors on the experimental points are shown as s t a t i s t i c a l , 
and extended to show the systematic errors a f f e c t i n g the shape (assuming 
Of? at 20 GeV/c. The curves drawn through the data represent a. f i t o f the 
form s 
2 p 'K(p) = aQ + a ^ l n p ) + a ? ( lnp) " + a ? ( l n p ) ' 4.11 
The method o f f i t t i n g used a leas t squares technique, the c o e f f i c i e n t s , a, 







Th:*s provides a p rac t i ca l formula f o r the computation o f the spectrum over 
the region 20 -• 500 GeV/c, and i s f u r t h e r usefu l i n tha t i t can be integrated 
simply to give a form : 
p 2N ( > p ) = b + b., ( lnp) + b„ ( I n * ) 2 + b * ( 1"P) 5 
O X £l J 
4.12 
where the c o e f f i c i e n t s b can be shown to be re la ted to the a*s as fo l lows ; 
a, - 2a 1 o 
2a 2a, 2 " -"1 
5*3 " 2 a 2 
-2 a., 
4.13 
.putting i n the values f o r the a's and solving the above equations we f i n d : 
! :Experim«ntal Data 10 
B e s t Fit fusing _ Eqn; A.11 
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F IGURE 4-10 The Combined Best Estimate of the Spectrum. 
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FIGURE 4-11 As inFigure 4-10 but plotted as p JN(p) to Increase Readability. 
b 10.11 
o 
\ -• -16.15 
b , - 2.16 
b 5 = -0.04 
iVhen using t h i s inte;rral expression i t must be remembered that the o r i g i n a l 
f i t (equation 4.11) was only made up to 500 GeV/c and consequently there are 
no constraints on the f i t t e d spectrum above t h i s value. In the next chapter 
a. best estimate o f the in t eg ra l in tens i ty above 500 GeV/c i s calculated 
using an extrapolat ion of a phenomenologicai model of mucn production and 
propagation through the atmosphere. Table 4.17 shows values o f the measured 
d i f f e r e n t i a l and in teg ra l spectrum in the region 20 - 500 GeV/c, calculated 
using equations 4.11.and 4.12, and using the estimate of the in t eg ra l 
i n t ens i t y above 500 GeV/c given in the next chapter. 
Momentum D i f f e r e n t i a l I n t eg ra l 
Spectrum Spectrum 
GeV/c -1 -2 -
s cm sr ^ . ( G e V / c ) '
1 -1 -2 -
s cm or 
20 2.43 10- 5 2.96 10"4 
30 8.80 10- 6 1.48 10"4 
40 4.06 10- 6 0.67 10"5 
50 2.20 10-* 5.70 10"3 
60 1.51 10- 6 4.02 10" 5 
70 8.43 10- 7 2.94 i O - 5 
80 5.71 10- 7 2.26 10"5 
90 4.04 10- 7 1.78 10" 5 
100 2.96 10- 7 1.42 10~ 5 
150 8.68 10- 8 6.00 io" 6 
200 5.56 ID" 8 3.18 io" 6 
300 9.77 10"9 1.26 io" 6 
400 3.80 10- 9 6.46 10"7 
500 1.79 1 0 - 1 0 3.74 io"7 
1 
Table 4.17 
Values of the measured d i f f e r e n t i a l and 
in tegra l sgectra at standard momenta 
CHAPTER 5 
DERIVATION OF THE PIOK AND KAON PilO£U3TION SPECTRA 
5.1 In t roduct ion 
As b r i e f l y out l ined in the f i r s t chapter, the vast ma jo r i ty of muons 
observed at sea l e v e l are the decay products of the secondary pa r t i c l e s o f 
the nuclear in teract ions of the primary cosmic ray nucleons wi th the atmos-
pheric n u c l e i . Other sources such as the in t e rac t ion o f the secondaries 
themselves wi th nucle i in the atmosphere can be considered, n e g l i g i b l e . The 
present chapter deals wi th the ca lcu la t ion of the production spectrum o f these 
secondary p a r t i c l e s , assumed to be pions and kaons, from the measurements 
made on the muon spectrum. 
The re la t ionsh ip between the muon spectrum, and the parent p a r t i c l e 
spectrum has been extensively covered i n many publ ica t ions {e.g. Smith ana 
Dul l e r , 1959; B u l l e t a l . , 1965), most of which base t h e i r der ivat ions on 
the work of Barre t t e t ?..l. (1952). In general the d i f f u s i o n equation of the 
muon parents in the atmosphere i s used,together wi th several s i m p l i f y i n g 
assumptions, to predic t the production spectrum o f the muons, and hence v i a 
t h e i r decay and energy loss , t h e i r sea l e v e l spectrum. I t has usually been 
the case that f o r v e r t i c a l measurements pions have been taken to be the only 
source of muons, and kaons as another source have only been considered when 
comparison have been made with large angled spectra where t h e i r e f f e c t i s more 
pronounced. In f a c t t h i s method has been used to estimate the K / T C r a t i o at 
production, (Ashton et a l . , 1966). I t i s w e l l established from accelerator 
data that kaons are produced, along wi th pions to the extent o f about Vj-i 
i n nuclear in te rac t ions , and hence w i l l cont r ibu te , v i a the dominant KJJ. 2 
decay mode (K-*u+v ; branching r a t i o ~50',:')» — 9;£ o f the muon in tens i ty i n 
the v e r t i c a l d i r ec t ion at 20 GeY increasing to -12$ at 1000 G-eV . The 
good agreement obtained by many workers U3ing an a l l pion source of nuons in th 
t heo re t i ca l model i s thought, to be due to the lack o f good s t a t i s t i c s in 
the >100 Gev region together wi th the slow v a r i a t i o n o f the e f f e c t o f 
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kaons f o r moderate energies, ( J £ 100 OeV ). In the present experiment the 
s t a t i s t i c s are good, and hence i t i s believed that the inc lus ion of kaons i s 
a necessity. I n i t i a l l y however pions w i l l be considered as the only source 
of muons, and l a t e r the e f f e c t o f kaons w i l l be included. No other sources 
of muons, ( e .g . d i r ec t production) w i l l be assumed. 
5.2 Theoret ical Model 
5.2.1 In t roduct ion 
Following the treatment of B u l l e t a.l. (19O5)» s t a r t i n g with the d i f f u s i o n 
equation o f pions i n the atmosphere,the spectrum of m u o n 3 a t production i s 
calculated, and t h i s i s then extrapolated to sea l e v e l . F ina l ly the e f f e c t 
of kaons on the muon in t ens i ty i s considered. 
In the model several s i m p l i f y i n g assumptions are made as fo l lows : 
(a) the muon parent production spectrum i s assumed to fo l low a power law 
_Y 
given oy AE where A i s a constant, & the pa r t i c l e s energy, and the constant 
Y i s taken to be the same f o r both pions and kaons. 
(b) a constant production depth i n the atmosphere f o r muons i s taken 
(LOO gm cm" " ) . 
(c) a l l p a r t i c l e s are assumed to t r a v e l i n a v e r t i c a l d i r e c t i o n wi th no 
transverse cornr>onent of momentum. 
(d) i n i t i a l l y the atmosphere i s assumed to be isothermal, and then a 
correc t ion i s applied to correct f o r t h i s assumption. 
(e) the in t e rac t ion lengths f o r protons and piono are assumed to be equal 
(120 gm cm" ) . 
( f ) a constant energy r e l a t i on between the muons and t h e i r parents i s talcen. 
At the relevant steps i n the ca lcu la t ion where the above assumptions 
are made, they are indicated and where necessary elaborated upon. 
5.2.2 The Pion Spectrum in the Atmosphere 
The d i f f u s i o n equation expressing the d i f f e r e n t i a l f l u x o f pions t r a v e l l i n g 
_2 
in a v e r t i c a l d i r ec t i on at a depth y (gm cm ) i s w r i t t e n as fo l lows : 
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erp\— I - —- - 5. -L 
dy X P \X p / X K p(y)-CTtcSK 
The f i r s t term on the EKS represents the production of pions in nuclear 
c o l l i s i o n s between the primaries and the atmospheric n u c l e i , assuming an 
exponential decrease of nucleons characterised by an absorption-, length X p . 
The second term represents the i n t e r a c t i o n , and consequent loss of pions, 
wi th an in te rac t ion length X-^. The decrease in the number of pions due to 
t h e i r decay i n to muona i s given by the t h i r d term, where m rc and X T C are the 
res t mass and l i f e t i m e respect ively o f pions, t he i r energy and p(y) 
the atmospheric density at a- depth y . The form of t h i s f i n a l term comes 
about by considering the mean distance t r ave l l ed before decay (EffC^C/rn^C2 ) 
the a.ir density being included since y i s e f f e c t i v e l y the a i r pressure (gm cm ' ) 
I n an isothermal atmosphere the a i r density can be re la ted to the depth 
by the r e l a t i o n : 
p(y) = P(O) Y,, 5.2 
y o 
where p(0) and y Q are the density and depth o f the atmosphere at sea l e v e l , 
-3 -2 (taken to be 0.00124 gm cm and 1053 g"1 c m r e spec t ive ly ) . 3ni th and 
Dul ler introduce a. fac tor b ( = 0.771) to allow f o r the non-isothermal nature 
o f the atmosphere de f in ing b as fo l lows : 
b y RT 
- — 2 - 5.3 
p(0) Kg 
where R i s the gas constant (8.314 joules ( gm mole ) ^"), T g the e f f e c t i v e 
temperature o f the atmosphere ( ~219°K)» & the average molecular weight o f 
the a i r (20.97), and g the accelerat ion due to g rav i ty ( 931.3 cm sec ) . 
Thus they define the density at a depth y as : 
p (y ) - P(O) 5.4 
o 
S u b s t i t u t i n g f o r p(y) i n t h e d i f f u s i o n e q u a t i o n {5.1) we h a v e : 
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= A T T ^ T T exp — - - T - - 5.5 TT IT " \ \ \ 
ay \ a p / A " pCoJyTnCi]^ 
The s o l u t i o n o f t h i s e q u a t i o n (5.5) i s g i v e n by B u l l e t a l . (1965) a s : 
N 
w i t n 1 = 1 _ 1_ 
X Xp 
and r e p r e s e n t s t h e f l u x o f p i o n s o f e n e r g y t r a v e l l i n g i n a v e r t i c a l d i r e c t i o n 
a t a d e p t h y . 
5.2 . J The Kuon P r o d u c t i o n Spec t rum 
As i n any two b o d i e d d e c a y , t h e e n e r g y o f a d a u g h t e r p a r t i c l e ( i n t h i s 
case a muon) has a u n i f o r m p r o b a b i l i t y d i s t r i b u t i o n r a n g i n g f r o m some minimum 
t o a maximum v a l u e . I n the case o f p i o n decay t h e muon can have ene rgy be tween 
2 2 
and (IT?JJ / m ^ " ) E j { where and a r e t h e masses o f t h e muon and t h e p i o n 
r e s p e c t i v e l y . I n t h e p r e s e n t t r e a t m e n t i t w i l l be assumed t h a t t he muon 
t a k e s a c o n s t a n t f r a c t i o n ( r ^ ) o f t h e p i o n * s e n e r g y , w h i c h i s g i v e n by : 
r n - - , 0.76 5.7 
( N . B . t h i s i s o n l y an a p p r o x i m a t i o n t o t h e mean o f t h e e n e r g y d i s t r i b u t i o n , 
and s. v a l u e d e f i n e d i n a l i k e w i s e manner f o r k a o n s ( r K ) w o u l d be 0.21, w h i c h 
i s n o t c l o s e t o t h e c e n t r e o f t he muon e n e r g y d i s t r i b u t i o n f r o m k a o n s , w h i c h 
r a n g e s f r o m 0«05E K t o . A more r e a s o n a b l e v a l u e f o r t h e mean o f t h i s 
d i s t r i b u t i o n i s r K = 0 .52 ,which ha s been used f o r t h e i n c l u s i o n o f k a o n s a t 
a l a t e r s t a g e ) . 
A g a i n c o n s i d e r i n g p i o n s as t h e o n l y s o u r c e , t h e p r o d u c t i o n s p e c t r u m o f 
muons o f e n e r g y E ^ , can be w r i t t e n as : 
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• „ < * • „ ) . / H n ( V y ) 31 St. 5 . e 
whore T i s t h e d i l a t e d l i f e t i m e o f t he p i o n . -^2" X T [ » an^ ^ ' u a n ( i & T T A R E 
r e l a t e d by t h e f a c t o r r ^ . S ince t h e p i o n can be assumed t o be t r a v e l l i n g a t 
t h e speed o f l i g h t ( c ) t h e n we h a v e : 
dt = 5.9 
p(y)o 
and so 
0 4 '/ n=0 
r c 
5.10 
where t h e u p p e r l i m i t o f t h e i n t e g r a t i o n has been ex tended , f r o m y Q t o oo 
w i t h n e g l i g i b l e d i f f e r e n c e . 
F o l l o w i n g H u l l e t a l . (19-5) w e make t h e s u b s t i t u t i o n o f f o r 
m n ° 2 y o 
T-T \ and p e r f o r m t h e i n t e g r a t i o n w i t h t h e r e s u l t : 
TuCpCO) 
p n=o -^ TT 
The a s s u m p t i o n i s now made t h a t \ p and a r e e q u a l , and c o n s e q u e n t l y 
t h e o n l y r e m a i n i n g t e r m i n 5 . H i s t h a t w i t h n = 0. Thus t h e muon p r o d u c t i o n 
s p e c t r u m can be w r i t t e n as : 
- ( Y + l ) b . 
W - 537- 5- 1 2 
1 + s ; 
r e m e m b e r i n g t h a t EJJ = r ^ ^ a n d hence di3|j «= r j j d E ^ i t f o l l o w s t h a t : 
, » ' -Y Y-i 
M M (E|j)dE| i = ~ dEp 5.13 
EM + V J l T 
and p u t t i n g B-^ f o r r ^ b j ^ g i v e s t h e muon s p e c t r u m a t p r o d u c t i o n a s : 
-7 7 - 1 7 1 
K M ( E p )dEjj = ; 5.14 
EM + BTT 
P u t t i n g i n v a l u e s f o r 11)^(0.140 GeV/c*) and ( 2 .60x l0~ 8 s e c ) one f i n d s t h a t 
- 9 0 GeV w h i c h i s c l o s e enough a p p r o x i m a t i o n c o n s i d e r i n g a l l t h e a s s u m p t i o n s 
w h i c h have been rcade i n t h e d e r i v a t i o n . 
5.2.4 The Kuon Spec t rum a t Sea. L e v e l 
D u r i n g i t s t r a v e r s a l o f t h e a tmosphere f r o m p r o d u c t i o n t o sea l e v e l , t h e 
muon l o s e s e n e r g y , m a i n l y by i o n i z a t i o n , and s u f f e r s t h e p r o b a b i l i t y o f 
decay i n t o an e l e c t r o n . The e x p r e s s i o n f o r t h e r a t e o f e n e r g y l o s s used i s 
t a k e n f r o m Ma.eda., (I964) and i s g i v e n by : 
dS , „ 
= (2 .5 + 0.0025 E) LieV gin crn 5.15 
dx 
The decay o f t h e muon i s r e p r e s e n t e d by i t s s u r v i v a l p r o b a b i l i t y f r o m 
p o i n t o f p r o d u c t i o n t o sea l e v e l . T h i s i s c a l c u l a t e d f o l l o w i n g R o s s i (1952), 
g i v i n g t h e p r o b a b i l i t y o f a rcuon p r o d u c e d a.t 3. d e p t h y s u r v i v i n g t o sea l e v e l 
( y Q ) a s : 
2 
/ m M 0 
P M ( a y 0 , y ) = [ y o ' E y j \ P ( y ) l M ° W 5.16 
where E y Q , S y , and a r e t h e e n e r g y o f t h e muon a t sea. l e v e l , a t a d e p t h y , 
and a t t h e t o p o f the a tmosphe re r e s p e c t i v e l y . A g a i n s u b s t i t u t i n g f o r p ( y ) 
f r o m e q u a t i o n 5.4» and w r i t i n g t h e r a t e o f e n e r g y l o s s as E we h a v e : 
/ b y 0 rap ° 2 \ 
P ( P v v ) . ! < / _ _ 5 o 7 _ \ l p ( o h M a U c + e y ) / 5.17 
-2 
1 ' a k i n g t h e a p p r o x i m a t i o n t h a t t h e r e i s a s i n g l e h e i g h t o f p r o d u c t i o n (100 gfii cm " ) 
and t a k i n g t h e l a t e s t v a l u e s f o r t h e c o n s t a n t s i n 5.17 we f i n d : 
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FIGURE 5-1 The Muon Survival Probability. 
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FIGURE 5-2 The Effect of Kaons on the Muon Spectrum. 
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5 . IB 
T h i s e x p r e s s i o n has been used t h r o u g h o u t t o c a l c u l a t e t h e s u r v i v a l p r o b a b i l i t y , 
and i s shown g r a p h i c a l l y i n f i g u r e 5.1. 
Thus i n c o r p o r a t i n g t h e s u r v i v a l p r o b a b i l i t y , and i o n i z a t i o n l o s s w i t h 
t h e muon p r o d u c t i o n s p e c t r u m , t h e muon s p e c t r u m a t sea l e v e l due t o p i o n 
decay a l o n e i s g i v e n by : 
Ni j i C E ^ d l ^ = A ^ . ( S ^ + A S | i ) " *TC 
Y - 1 
5.19 
where A H p i s t h e e n e r g y l o s s f r o m p r o d u c t i o n ( i . e . E j j = i2| i+AKfj) 
5.2.5 The E f f e c t o f I n c l u d i n g Kaon Decay . 
The d e r i v a t i o n g i v e n above can be g e n e r a l i z e d t o any mu.cn p r o d u c e r v i a 
d e c a y . The m o s t l i k e l y such muon p a r e n t i s t h e k a o n , p r o d u c i n g muons v i a 
t h e d o m i n a n t K J J decay mode. I n c l u d i n g t h i s decay mode i n t h e e x p r e s s i o n 
f o r t h e muon s p e c t r u m a t sea l e v e l g i v e s : 
N M ( E ^ d K M = A P p ^ + A ^ ) 
r Y ' 1 E - T T _ 
I i ; M + A % i + % T 
. Y - i 
' k 
(ldp-lA2(i + \J 
K r , ; ^ 
5.20 
where r ^ (0.52) i s d e f i n e d as i n s e c t i o n 5.2.3 and K i s t h e K / T T r a t i o a t 
p r o d u c t i o n . 3 k i s d e f i n e d i n a l i k e w i s e manner t o B n , and i s f o u n d t o have 
a. v a l u e -450 GeV, ( w i t h m k = 0.494 GeV/c and T k = 1.24 1C" s e c ) . 
I n c l u d i n g t h e e f f e c t o f k a o n p r o d u c t i o n i s f o u n d t o i n c r e a s e t h e muon 
i n t e n s i t y a t h i g h e r e n e r g i e s above t h a t e x p e c t e d f r o m t h e same v a l u e o f Y 
and p i o n p r o d u c t i o n a l o n e . F i g u r e 5.2 shows t h e enhancement as a f u n c t i o n 
o f momentum vfhen t h e two cases a r e n o r m a l i z e d t o each o t h e r a t 20 G e V / c . 
V a l u e s a r e shown f o r f o u r d i f f e r e n t K / u r a t i o s f r o m 0.1 t o 0.4. I t can be 
seen t h a t f o r K / T T -15? as s u g g e s t e d by t h e r e c e n t a c c e l e r a t o r r e s u l t s , t h e 
enhancement i s ~ 4^ a t 100 G e V / c , r e a c h i n g ~14y' a t 500 G e V / c . . (The d i s t i n c t i o n 
be tween e n e r g y and momentum i s c o n s i d e r e d n e g l i g i b l e a t t h e h i g h e n e r g y i n 
t h e p r e s e n t s i t u a t i o n ) . 
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5.5 Compar i son o f t he P r e d i c t e d and i..ea.sured Kuon kpfect rum 
5.3• 1 I ' c t h o d o f Compar i son 
U s i n g t h e e q u a t i o n 5.20 i t i s p o s s i b l e t o compare t h e p r e d i c t i o n s f o r 
2 2 
v a r i o u s v a l u e s o f Y , A, and K u s i n g a s i m p l e X t e s t , f o r m a l l y X i s used 
w i t h f r e q u e n c y d i s t r i b u t i o n s and i s g i v e n by : 
. ^ - ( N i - N ) 2 
2 \ N Clbs R X T T ,. - N 
k—— ?>cL 
x2 - J ^ 
exp 
2 
E s s e n t i a l l y X i s a measure o f how good t h e e x p e r i m e n t a l p o i n t s arc-
compared w i t h t h e e x p e r i m e n t a l e r r o r s a s suming t h e t h e o r e t i c a l d i s t r i b u t i o n 
i s a t r u e r e p r e s e n t a t i o n o f t h e s i t u a t i o n . I n t h e p r e s e n t a p p l i c a t i o n , a 
more g e n e r a l f o r m i s u s e d , v i z : 
x2 =^_^lV, 2 
5 I o 
where I i s t h e o b s e r v e d i n t e n s i t y w i t h a s t a n d a r d e r r o r 61 and I t h e o . o e 
e x p e c t e d i n t e n s i t y . 
H i e me thod used was t o f i x Y and K , and v a r y A u n t i l t h e . r . in inum v a l u e o f 
X^ was o b t a i n e d . T h i s p r o c e d u r e was r e p e a t e d f o r d i f f e r e n t v a l u e s o f "Y and 
t h e v a r i a t i o n o f t h e minimum X^ w i t h Y f o u n d . The b e s t f i t Y i s t h e n t h a t 
2 
v a l u e c o r r e s p o n d i n g t o t h e minimum o f t h e minimum X ( h e r e i n a f t e r c a l l e d 
? 2 
s i m p l y t h e minimum X " ) . F i g u r e 5 .3 (a ) shows t h e X - Y p l o t o b t a i n e d w i t h 
K = 0.0 and. w i l l be d i s c u s s e d i n more d e t a i l i n t h e n e x t s e c t i o n . 
I n i t i a l l y an a l l p i o n s o u r c e i s c o n s i d e r e d , and t h e n t h e e f f e c t s o f kaon 
p r o d u c t i o n a r e e s t i m a t e d . 
5.3.2 A l l P i o n Source 
2 
T a b l e 5.1 shows t h e v a l u e s o f X o b t a i n e d f o r v a r i o u s v a l u e s o f Y w i t h 
K / T I = 0.0. Column 2 shows the r e s u l t s when no a l l o w a n c e f o r t h e s y s t e m a t i c 
e r r o r s i s made, and c o l u m n s 3 and 4 show t h e e f f e c t o f d i s p l a c i n g the measured 
v a l u e s t o t h e u p p e r and l o w e r l i m i t s r e s p e c t i v e l y , o f t h e s y s t e m a t i c e r r o r s 
w h i c h a f f e c t t h e shape o f t h e s p e c t r u m , ( m a i n l y t h e e f f e c t o f t h e e r r o r i n 
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2 V a l u e s o f X 
y no s y s t e m a t i c upper l i m i t t o l o w e r l i m i t t o 
s y s t e m a t i c e r r o r s s y s t e m a t i c e r r o r s 
' a f f e c t i n g s h a p e . a f f e c t i n g shape. 
2.54 174.2 146.0 204.9 
2.55 131.6 111.0 160.1 
2.56 103.9 87.0 125.3 
2.57 83.9 73.2 98.s 
2.58 74.2 69.4 82 . 9 
2.59 74.7 75.7 77.4 
2.60 85.3 92.1 81 . 2 
2.61 103.4 I I 6 . 4 93.8 
2.62 131.9 150.4 116.6 
2.63 171.4 195.3 150.2 
T a b l e 5.1 
Minimum v a l u e s 2 
o f X c o r r e s o o n d i n e 1 
t o d i f f e r e n t 
v a l u e s o f Y i n e a u a t i o n 5.20 w i t h K / T T = 0.0 
t h e m a g n e t i c f i e l d ) . As can be seen t h e r e a r e no s i g n i f i c a n t d i f f e r e n c e s 
2 
be tween t h e t h r e e s e t s o f X e x c e p t a s l i g h t s h i f t i n t h e Y - a x i s . I n a l l 
2 
cases i n c o m p u t i n g t h e v a l u e s o f X o n l y t he s t a t i s t i c a l e r r o r s have been 
u s e d i n t h e d e n o m i n a t o r o f the e x p r e s s i o n ( 5 . 2 2 ) . The v a l u e s o f X^ 
n e g l e c t i n g s y s t e m a t i c e r r o r s a r e shov.m i n f i g u r e 5 . 3 . ( a ) . 1 " t h e method o f 
2 
c a l c u l a t i n g X t h e v a r i a t i o n o f A was s i m p l y t o g i v e t h e minimum v a l u e o f 
2 
X and does n o t r e d u c e t h e number o f d e g r e e s o f f r e e d o m w h i c h i s c o n s e q u e n t l y 
t h e sane as t he number o f d a t a p o i n t s b e i n g c o n s i d e r e d . For t h e f i g u r e s 
shown i n t a b l e 5 . 1 a l l 2 1 d a t a p o i n t s have been used i . e . t he f u l l momentum 
2 
r a n g e f r o m 20 GeV/c t o 500 G e V / c . E x a m i n a t i o n o f t h e X t a b l e s f o r 21 degree 
2 2 
o f f r e e d o m shows t h a t f o r If- s i g n i f i c a n c e X" •- 38.9» and f o r 0 . 1 ; * , X = 
46.8. These v a l u e s a r e i n d i c a t e d i n f i g u r e 5 . 3 ( a ) s h o w i n g t h a t t he b e s t 
f i t o b t a i n e d w i t h K / u = 0 . 0 , and a l l t h e d a t a f r o m 20 GeV/c t o 500 GeV/c 
sea l e v e l muon momentum, i s v e r y p o o r i n d e e d . T h i s i s emphas i sed i n f i g u r e 
5 .3 (b ) w h i c h shows t h e r a t i o o f t h e e x p e r i m e n t a l v a l u e s to t hose c a l c u l a t e d , 
w i t h K/TC= 0 . 0 and t h e minimum v a l u e o f Y ( = 2 . 5 8 ) e x p r e s s e d i n u n i t s o f 
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s t a n d a r d erx*ors o f t h e e x p e r i m e n t a l p o i n t s . W h i l s t no p o i n t s a c t u a l l y l i e 
o u t s i d e t h r e e s t a n d a r d e r r o r s , i t i s seen t h a t t h e r e i s a s y s t e m a t i c v a r i a t i o n , 
t h e e x p e r i m e n t a l v a l u e s b e i n g l o w e r a t the ends o f t h e e n e r g y r a n g e , and 
h i g h e r i n t h e m i d d l e . The c o n c l u s i o n i s t h a t a mode l w i t h K/TT. = 0.0 and a 
c o n s t a n t v a l u e o f y g i v e s a p o o r f i t t o the e x p e r i m e n t a l d a t a . 
F o r t h e case o f a s i n g l e s o u r c e o f muons ( e . g « p i o n s ) i t i s p o s s i b l e t o 
Y /ork d i r e c t l y f r o m t h e muon s p e c t r u m a t sea l e v e l t o t h e p a r e n t p r o d u c t i o n 
s p e c t r u m . T h i s i s n o t p o s s i b l e f o r two d i f f e r e n t p a r e n t s ( e . g . p i o n s and 
k a o n s ) s i n c e t h e e n e r g i e s o f t h e p a r e n t s w h i c h p roduce a g i v e n muon ene rgy 
Y - l 
a re d i f f e r e n t and t h e p r o b l e m becomes a f u n c t i o n o f Y t h r o u g h t h e r 
t e r m o f eo.ua.tion 5-20. F o r t h e case o f an a l l p i o n s o u r c e h o w e v e r , t h e 
i n t e n s i t y o f p i o n s a t p r o d u c t i o n , c o r r e s p o n d i n g t o each o f t h e e x p e r i m e n t a l l y 
d e t e r m i n e d muon i n t e n s i t i e s ( g i v e n i n s e c t i o n 4.7)» has been c a l c u l a t e d and 
t h e r e s u l t s a re i l l u s t r a t e d as t h e e x p e r i m e n t a l p o i n t s i n f i g u r e 5.4. The 
p r o c e d u r e f o r c a l c u l a t i n g t h e p o i n t s i s t h e i n v e r s e o f e q u a t i o n 'j.l3t and 
i B shown i n t a b l e 5 « 2 . , based on t h e r e l a t i o n : 
where t h e n o t a t i o n i s as i n s e c t i o n 5.2. 
E x a m i n a t i o n o f t h i s c a l c u l a t e d p i o n p r o d u c t i o n s p e c t r u m shows t h a t on 
a l o g - l o g p l o t t h e d a t a f o l l o w r o u g h l y a s t r a i g h t l i n e up t o L ^ - l O O GeV, 
i n d i c a t i n g a c o n s t a n t v a l u e o f Y , t h e n s u f f e r an i n c r e a s e i n i n t e n s i t y 
i n d i c a t i n g a r e d u c t i o n o f t h e s l o p e , Y . C o n s i d e r a t i o n o f t h e two r e g i o n s 
2 2 
s e p a r a t e l y , u s i n g t h e X me thod g i v e s a b e s t f i t Y o f 2.63 ( X = 15«4; 
p 
s i g n i f i c a n c e l e v e l ~35/') f o r E y r < 100 GeV, and a Y o f 2.51 ( X = 2.4; 
s i g n i f i c a n c e l e v e l -90/") f o r 3^ > 100 GeV. These two b e s t f i t l i n e s a r e 
shown as t h e s o l i d l i n e s i n f i g u r e 5»4» w h i l s t t he b r o k e n l i n e shows t h e 
b e s t f i t w i t h Y a c o n s t a n t 2.50 o v e r t h e w h o l e e n e r g y r a n g e . I t i s o b v i o u s 
t h a t t h e t w o - Y case g i v e s a much b e t t e r f i t t o t h e e x p e r i m e n t a l d a t a , w h i c h 
2 
i s r e i n f o r c e d by t h e v a l u e s o f X f o u n d . I f t h e 20;'' s i g n i f i c a n c e l e v e l i s 
a r b i t r a r i l y t a k e n f o r t h e l i m i t s o f t h e e r r o r s , t h e n we can say t h a t f o r a 
TT 
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best overall fit 
7 P i * ) <0-17 
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FIGURE 5-4 Point-by-Point Calculation of the Pion Production Spectrum 
K / n r a t i o o f 0.0 t h e n : 
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N n ( E ^ c* S n " 2 ' 6 5 + 0 ' 0 2 5 o GeV<a T l <100 GeV 
N T C ( E n ) * "2-51+0.04 1 0 Q GeV<E T X <700 GeV 
5.3.3 I n c l u s i o n o f Kaons . 
I t i s v e i l e s t a b l i s h e d , b o t h i n a c c e l e r a t o r measurements and i n cosmic 
r a y s p e c t r a measurements a t l a r g e a n g l e s , t h a t kaons a r e c e r t a i n l y p r o d u c e d i n 
n u c l e a r i n t e r a c t i o n s , and c o n s e q u e n t l y must c o n s t i t u t e a p a r t o f t h e p a r e n t a g e 
o f t h e sea l e v e l muons, t h e e x t e n t o f w h i c h has bee si i l l u s t r a t e d i n f i g u r e 5.2. 
];n t h i s s e c t i o n t h e e f f e c t o f i n c l u d i n g k a o n s w i l l be c o n s i d e r e d t o see i f 
t h i s i s a p o s s i b l e e x p l a n a t i o n o f t h e anomalous r e s u l t s f o u n d i n t h e p r e v i o u s 
s e c t i o n , ( i . e . t h e a p p a r e n t n o n - c o n s t a n c y o f Y i n t h e a l l p i o n c a s e . ) 
2 
A g a i n t h e X t e s t was used t o compare p r e d i c t i o n v / i t h o b s e r v a t i o n 
t o i n v e s t i g a t e t h e r e l a t i o n s h i p o f t he b e s t v a l u e s o f K / f t and Y • ""ne r e s u l t s 
o f t h i s a n a l y s i s a r e shown i n t a b l e 5.3 and i n f i g u r e 5.5. As b e f o r e i n 
a d d i t i o n t o c o n s i d e r i n g t h e d a t a o v e r t h e e n t i r e momentum r a n g e w i t h a c o n s t a n t 
Y , two momentum r e g i o n s have been t a k e n , ( i . e . p ^ < 70 G e V / c , and p^ > 70GeV/c), 
t h e d i v i s i o n b e i n g made a t a p p r o x i m a t e l y 100 GeV p i o n e n e r g y , The f i g u r e s 
2 
i n b r a c k e t s a r e t he X o b t a i n e d . 
K . . 
— r a t i o n 
V a l u e s o f Y 
(20<p ( J L<500)GeV/ c 
21 p o i n t s 
c o r r e s p o n d i n g t o 
(20<p^<70)GeV/c 
13 p o i n t s 
. . v 2 
minimum X 
3 (70<p u<500)GeV/c 
b p o i n t s 
0 . 0 2.585 (74.2) 2.625 (15.4) 2.515 (2.4) 
0.1 2.605 (55.3) 2.640 (14.4) 2.545 (2.5) 
0.2 2.625 (46.3) 2.655 (14.0) 2.575 (2.9) 
0.3 2.640 (36.9) 2.665 (14.1) 2.600 (2.9) 
0.4 2.655 (52.8) 2.675 (14.1) 2.620 (3.1) 
0.5 2.665 (29.2) 2.685 (14.3) 2.635 (3.3) 
0.6 2 .680 (25.3) 2.695 (14.9) 2.655 (3.3) 
T a b l e 5.3. 
V a l u e s o f Y c o r r e s p o n d i n g t o t h e b e n t f i t s w i t h d i f f e r e n t K / T C 
~ 2 
r a t i o s . ( ) i n d i c a t e t h e c o r r e s p o n d i n g v a l u e s o f X . 
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FIGURE 5-5 Variation of the Best Fit V with K / n for the 
Different Momentum Ranges. 
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C o n s i d e r f i r s t t h e e n t i r e momentum r a n g e . I n t h i s case we have 21 
o 
d e g r e e s o f f r e e d o m and. t h e v a l u e o f X " f o r 20/!. s i g n i f i c a n c e i s 2 6 . 2 , and f o r 
*jf< i s 32.7. Thus i t a p p e a r s t h a t i t w o u l d r e q u i r e a K/TC r a t i o o f ~0.60 
t o p r o d u c e a c o n s t a n t v a l u e Y w i t h 20;': s i g n i f i c a n c e and a v a l u e o f 0.40 
t o p r o d u c e 5'f- s i g n i f i c a n c e . These v a l u e s a r e w e l l above t h e a c c e l e r a t o r 
measured v a l u e o f 0.15, w h i c h g i v e s a < 0.1;--. s i g n i f i c a n c e l e v e l . 
R e l a x i n g t h e c o n d i t i o n o f a s i n g l e v a l u e o f Y o v e r t h e e n t i r e momentum 
r ange one sees t h a t f o r < 70 GeV/c t h e v a l u e s o f X a r e q u i t e c o n s t a n t 
a t a round t h e 35"'£ s i g n i f i c a n c e l e v e l , w i t h a s l i g h t minimum a t K / T C ~ 0 . 2 . 
( T h i s i s p r o b a b l y f o r t u i t o u s as i t i s f e l t t h a t i t w o u l d be u n l i k e l y t h a t t he 
K / T I r a t i o c o u l d be d e t e r m i n e d so p r e c i s e l y i n t h i s l o w e n e r g y r e g i o n . ) 
F o r P j j > 70 GeV/c a g a i n t h e X f i t s a r e seen t o be v e r y g o o d , h a v i n g 
-90"? s i g n i f i c a n c e l e v e l . 
I t i s i n t e r e s t i n g t o n o t e t h a t t h e deg ree o f s i g n i f i c a n c e has r i s e n 
m a r k e d l y i n t h e h i g h e r e n e r g y r e g i o n . A p a r t f r o m t h e o b v i o u s r e a s o n t h a t the 
t h e o r e t i c a l p r e d i c t i o n may be a b e t t e r r e p r e s e n t a t i o n a t h i g h e r e n e r g i e s , 
t h e mos t l i k e l y r e a s o n i s t h a t t h e r e i s some c o n s t a n t random e r r o r i n t h e 
e x p e r i m e n t a l d a t a w h i c h n a t u r a l l y has more e f f e c t when t h e s t a t i s t i c a l e r r o r s 
a r e s m a l l , t h a t i s i n t h e l o w e r e n e r g y r e g i o n . Such an e f f e c t , i f r andom, 
w i l l be u n i m p o r t a n t e x c e p t i n t h e e s t i m a t i o n o f t h e e r r o r s i n Y , w h i c h 
2 
w i l l a r t i f i c i a l l y be made s m a l l e r i f t h e X a r e made l a r g e r i n t h e manner 
s u g g e s t e d , ( i . e . a s s u m i n g t h e e r r o r s a r e s i m p l y t a k e n a t some a r b i t r a r y 
s i g n i f i c a n c e l e v e l , i n t h i s case 20^'). 
I f one assumes t h e v a l u e o f t h e K / k r a t i o t o be t h e 15X" g i v e n by t h e 
a c c e l e r a t o r e x p e r i m e n t s , t hen t h e v a l u e s o f Y g i v i n g t h e b e s t f i t f o r t h e 
t w o momentum r e g i o n s can be r e a d f r o m f i g u r e 5.5 ( i n d i c a t e d by t h e dashed 
l i n e s ) as 2.56 and 2.645 f o r t h e r e g i o n s g r e a t e r t h a n and l e s s t h a n 70 GeV/c 
r e s p e c t i v e l y , 
2 
F i g u r e 5.6. shews p l o t s o f t h e X " o b t a i n e d f o r K / n =0.15 as a f u n c t i o n 
o f Y • A l s o shown a r e t h o s e o b t a i n e d when t h e e x p e r i m e n t a l d a t a a r e d i s -
p l a c e d t o t h e u p p e r and l o w e r l i m i t s o f t h e s y s t e m a t i c e r r o r s w h i c h a f f e c t 
t h e shape o f t h e s p e c t r u m . T a k i n g t h e s e i n t o a c c o u n t t he u n c e r t a i n t i e s 
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. .. , statistical 
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shape of 
spectrum 
P(>X ) - 2 0 % 
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Logarithmic slope of pion production spectrum (X) 
FIGURE 5-6 X -X Plot for the Two Momentum Ranges ( K / n =0-15). 
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on t h e Y v a l u e s f o r t h e two momentum r e g i o n s a r e 0 .020 and 0 . 0 4 0 r e s p e c t i v e l y , 
( a t 20;'; s i g n i f i c a n c e ) . Thus we have t h e f o l l o w i n g s i t u a t i o n f o r t h e muon 
p a r e n t p r o d u c t i o n s p e c t r u m , a s suming 15,?' k a o n s . 
N ( E ) « K - 2 - 6 4 , 3+0 . 02 2 Q G e V ^ c < p ^ < ? 0 Q ( j V / c 
N ( E ) o< E - 2 ' 5 6 + 0 - ° 4 7 Q G e y ^ 0 < . < 5 Q 0 U e V / / c 
w h i c h i s t a k e n t o be t h e b e s t r e p r e s e n t a t i o n o f t h e e x p e r i m e n t a l d a t a . 
5 .4 The I n t e g r a l I n t e n s i t y above 500 GeV/c 
U s i n g t h e p r e s e n t e x p e r i m e n t a l a r r a n g e m e n t i t i s d i f f i c u l t t o measure t h e 
i n t e g r a l s p e c t r u m due t o t h e e x t e n t o f t h e c a t e g o r y acoeptaxice f u n c t i o n s and 
t h e c o n s e n u e n t i a l i l l d e f i n i t i o n o f t h e minimum momentum o f t h e c a t e g o r i e s . 
As r e m a r k e d a t t h e end o f c h a p t e r 4 , i t i s p o s s i b l e t o i n t e g r a t e t he l o g a r t h m i c 
p o l y n o m i a l e x p a n s i o n f i t t e d t o the e x p e r i m e n t a l d a t a i n t h e a f o r e m e n t i o n e d 
c h a p t e r , b u t t h i s w i l l o n l y be c o r r e c t o v e r t h e range o f t h e d a t a p o i n t s , 
i . e . up t o 500 Gev ' /c . C o n s e q u e n t l y t h e r e w i l l be an u n c e r t a i n t y as t o t h e 
a c t u a l v a l u e s ,'j.bove t h i s momentum. To overcome t h i s t o some e x t e n t t he b e s t 
f i t e x p r e s s i o n d e r i v e d i n t h e p r e v i o u s s e c t i o n can be u s e d . The p r o c e d u r e 
i s t o use e q u a t i o n 5 .20 w i t h K = 0.15 and Y= «°o6, and f i x A by a a k i n g t h e 
v a l u e a t 500 GeV/c agree w i t h t h a t o f t he b e s t f i t f r o m c h a p t e r 4 ( i . e . 
1 .79 x 10"^ s ~ ^ " c m ~ ^ s r ~ * ( G e V / c ) " * ) . H a v i n g o b t a i n e d t h e v a l u e o f A, e q u a t i o n 
5 .20 can be i n t e g r a t e d n u m e r i c a l l y , u s i n g S i m p s o n ' s r u l e , f r o m 500 GeV/c t o 
e f f e c t i v e l y i n f i n i t y . U s i n g t h i s method one f i n d s A=0.1187 and t h e i n t e n s i t y 
above 500 GeV/c = 3 . 7 4 x l 0 ~ 7 s " 1 c m " 2 s r " 1 . 
T a b l e 5 .4 shows how t h e v a l u e s o f t h i s i n t e n s i t y w o u l d v a r y f o r d i f f e r e n t 
v a l u e s o f Y » i n each case n o r m a l i z i n g t o t h e d i f f e r e n t i a l i n t e n s i t y 500GeV/c . 
E x a m i n a t i o n o f t h i s t a b l e shows t h a t t h e i n t e g r a l i n t e n s i t y o n l y v a j r i e s 
b y ± a r o u n d Y = 2.60 f o r Y f r o m 2 . 5 0 t o 2„70. C o n s e q u e n t l y even i f Y 
had been i n c o r r e c t l y d e t e r m i n e d i n t h e p r e v i o u s s e c t i o n , t h e i n t e g r a l 
i n t e n s i t i e s g i v e n i n t a b l e 4 w o u l d o n l y be i n e r r o r s l i g h t l y ( i . e . n o t more 
t h a n a few t 
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Y 
K( > 500 GeV/c) 
-1 -2 -1 
s cm s r 
2.50 5.e3 10~7 
2.55 3.75 10" 7 
2.60 3.6? l o " 7 
2.65 3.60 10" 7 
2.70 3.57 10" 7 
Table 5.4. 
Values o f the i n t e g r a l i n t e n s i t y above 500 GeV/c 
obtained by n o r m a l i z i n g the t h e o r e t i c a l model 
(eon. 5.20) t o the d i f f e r e n t i a l i n t e n s i t y a t 
500 GeV/c ;?nd f i x i n g the i i / T l r a t i o to 0.15. 
5.5 Conclusion. 
I n t h i s chapter i t has been shown how u s i n g a simple model o f muon 
production and propagation through the atmosphere, the muon's parents' 
pro d u c t i o n spectrum can be c a l c u l a t e d . I t has been found t h a t a power law 
pr o d u c t i o n spectrum w i t h a constant power ( Y ) over the e n t i r e energy range, 
i n c l u d i n g kaon p r o d u c t i o n as w e l l as pion p r o d u c t i o n , does not represent 
the s i t u a t i o n at a l l s a t i s f a c t o r i l y . I n order t o o b t a i n s i g n i f i c a n t values 
o f X" the K/TT r a t i o a t production i s r e q u i r e d t o be ~60";', or a t l e a s t 
r i s e to these values a t high energy, which i n the l i g h t o f other evidence 
seems h i g h l y u n l i k e l y . The only s o l u t i o n t o the problem i s to a l l o w Y t o 
vary w i t h energy, and i n p a r t i c u l a r two values o f Y , 2.645 below and 2.56 above 
70 GeV/c are found t o be i n good agreement w i t h the experimental data 
assuming a value o f 15.".' kaon produ c t i o n i n i n t e r a c t i o n s . I t must be stressed 
however t h a t the t a k i n g o f two values o f Y i s only a f i r s t approximation, 
and t h a t most l i k e l y i f the shape does vary then i t w i l l do so smoothly. 
The values obtained here, p a r t i c u l a r l y i n the high energy region where the 
change i s most l i k e l y t a k i n g place, are average values. 
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CHAPTER 6 
COMPARISON WITH OTHER RESULTS 
6,1 I n t r o d u c t i o n 
This chapter attempts t o compare the present r e s u l t s on the muon spectrum 
w i t h those obtained by other workers, p r i m a r i l y those o f other spectrograph 
measurements i n a comparable energy range. 
Methods o f measuring the muon sea l e v e l spectrum f a l l i n t o two classes: 
(a) d i r e c t d e t e r m i n a t i o n s , and (b) i n d i r e c t d e t e r m i n a t i o n s . I n class (a) 
are the measurements made a t the surface o f the e a r t h w i t h range s p e c t r o -
graphs, and magnetic spectrographs s i m i l a r to MRS. The i n d i r e c t measurements 
of class (b) f a l l i n t o three types, f i r s t l y measurements o f the i n t e n s i t y 
o f muons a t va r i o u s depths underground, secondly measurements on the 
electromagnetic b u r s t s produced i n l o c a l absorbers, and t h i r d l y v i a measure-
ments made on the Y - r a y f l u x a t var i o u s depths i n the atmosphere. The 
c a l c u l a t i o n of the muon sea l e v e l spectrum from i n d i r e c t measurements 
s u f f e r s the disadvantage t h a t i t r e l i e s upon assumptions made about n ot 
too w e l l founded p h y s i c a l t h e o r i e s , namely those o f nuclear, and e l e c t r o -
magnetic i n t e r a c t i o n s . D i r e c t measurements on the othe r hand, although 
being somewhat l i m i t e d i n the energy range so f a r a t t a i n e d , are i n h e r e n t l y 
more r e l i a b l e i n t h a t the assumptions made are g e n e r a l l y of a more w e l l 
founded nature, i . e . the motion o f charged p a r t i c l e s i n magnetic f i e l d s , and 
energy l o s s r e l a t i o n s i n w e l l d e f i n ed substances such as lead or i r o n . So 
f a r d i r e c t measurements have been made up t o ~1000 GeV, w h i l s t p a r t i c l e s 
having a sea l e v e l energy -10^ GeV have been detected i n d i r e c t l y . 
Most o f the comparisons made i n the present chapter w i l l be w i t h those 
of o t h e r d i r e c t measurements i n an e f f o r t t o see how j u s t i f i e d are the 
conc lus ions reached i n chapter 5 about the pos s i b l e change i n slope o f the 
pion production spectrum. A s h o r t discussion i s a l s o given of some i n d i r e c t 
measurements a t hi g h e r energies than measured i n the present experiment to 
see how the present r e s u l t s f i t i n w i t h the o v e r a l l p i c t u r e o f the muon 
spectrum. 
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6.2 D i r e c t Determinations o f the Muon Spectrum. 
6.2.1 I n t r o d u c t i o n 
I t i s not the purpose here t o give a complete survey o f a l l measure-
ments to date o f the muon spectrum. This has been done f o r many o f the 
e a r l i e r experiments i n reviews by several authors ( i l o s s i , 1948; Fowler and 
Wolfendale, 1961). Also many o f these e a r l y measurements have been ahcv.n 
to be i n e r r o r a.nd have been superceded by more precise experimental data, 
and more r e f i n e d experimental techniques. Notable omissions are the work 
o f the Manchester group i n the 1950's (Owen and Wilson, 1955; Holmes 
e t a l . , 1961), who measured the spectrum from a few GeV to 1000 GeV, but 
which was shown t o be i n e r r o r p a r t i c u l a r l y i n the high energy region p o s s i b l y 
because t h e i r n.d.m. (- 240 GeV/c) v;as exceeded by a l a r g e f a c t o r , and 
also p o s s i b l y due t o the d i f f i c u l t y i n making precise measurements i n cloud 
chambers due to the turbula.nce set up i n the gas. Other measurements such 
as the work o f Caro e t a l . . (1951) i - n Kelborne? ( A u s t r a l i a ) , and t h a t o f the 
C o r n e l l group (Pak e t a l . , 196l; and Pine e t a l . , 1959) nave also been 
o m i t t e d . 
The s t a r t i n g p o i n t w i l l be taken i n the e a r l y 1960's w i t h the c o n s t r u c t i o n 
o f the f i r s t muon spectrograph i n Durham. Since then measurements have 
been made at a v a r i e t y o f places worldwide, notably a t Nottingham (U.K.), 
K e i l ("#. Germany), and Dagapur ( I n d i a ) . Recently some o f the l a r g e spectro-
graphs set up i n i t i a l l y t o examine the Utah e f f e c t have begun to produce 
r e s u l t s , i n p a r t i c u l a r t h a t a t San .Deigo ( C a l i f o r n i a , U.S.A.) and a t 
College S t a t i o n (Texas, U.S.A.). 
To r e - i t e r a t e what was mentioned i n the f i r s t chapter, i n recent years 
a t t e n t i o n has been concentrated upon the absolute h e i g h t o f the muon 
spectrum, prompted i n i t i a l l y by the work o f A l l k o f e r e t a l . (1970), who 
estimated t h a t the Rossi p o i n t a t 1 GeV/c ( d i f f e r e n t i a l i n t e n s i t y 
2.45*10"'' s^cn~^sr~"''(GeV/c)~''') was probably underestimated by ~20]A. Since 
then a number o f experiments have been performed i n t h i s energy region 
most o f which c o n f i r m t o soma degree the f i n d i n g s o f A l l k o f e r e t a l . . 
Because o f the d i f f i c u l t y i n assi g n i n g an absolute h e i g h t to the measured 
muon momentum spectra, due ge n e r a l l y t o i l l d e f i n e d r e j e c t i o n c r i t e r a , 
i t had become customary f o r workers t o normalise t h e i r data to some standard 
value which i s most f r e q u e n t l y the aforementioned Rossi p o i n t , ( o r some 
p o i n t on a spectrum which i t s e l f had been normalised t o the Kossi p o i n t ) . 
Consequently a r e n o r m a l i s a t i o n o f the spectra o f many workers has been made, 
and f r e q u e n t l y i n the f o l l o w i n g comparisons the spectx-a have been normalised 
a t d i f f e r e n t momentum values. V.'hen such a procedure has been used then 
the new n o r m a l i s a t i o n p o i n t w i l l be s p e c i f i e d . 
I n order t o compare the r e s u l t s o f other- workers w i t h the present work, 
i t i s f i r s t necessary t o define a standard comparison spectrum which 
represents a smooth f i t t o the experimental data. This i s discussed i n 
the next s e c t i o n . 
6,2.2 The Standard Comparison Spectrum 
Between 20 GeV/c and 500 Gev/c, the spectrum used i s the logarthmic 
polynomial expansion given i n chapter 4« This i s found t o be a very good 
f i t to a l l the present experimental p o i n t s over the e n t i r e momentum range. 
Above 500 C-eV/c the spectrum has been e x t r a p o l a t e d using the phenomenologica 
model o f muon production and propagation through the atmosphere given i n 
chapter 5. '^ne spectrum has been assumed to continue w i t h the same value 
o f Y (2 .56) and the K/TC r a t i o has again been taken t o be 0.15* I n order 
t o determine the constant A (eqn .5,20) the model has been normalised to the 
—9 —1 —2 -1 
value given by the polynomial f i t a t 500 GeV/c (1.786x10 s" cm" s r " (GeV/c) 
Th i s procedure assigns a value t o A o f 0.1187. I t can be j u s t i f i a b l y 
assumed t h a t i f the experimental r e s u l t s up to 500 GeV/c are c o r r e c t then 
such an e x t r a p o l a t i o n a t l e a s t up to ~800 GeV/c i s reasonable. Below 
20 GeV/c again an e x t r a p o l a t i o n has been used w i t h the same model but w i t h 
Y= 2.645 and A = 0.1815, the best f i t values found f o r a K/TI r a t i o o f 0.15 
i n the lower energy r e g i o n s . I t i s i n t e r e s t i n g t h a t such an e x t r a p o l a t i o n 
i s only good down t o -7 GeV/c, below t h i s value the i n t e n s i t i e s given are 
lower than those given i n other experiments, i n p a r t i c u l a r a t 1 GeV/c 
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by A l l k o f e r e t a l . (1970). 
De e t a l . (1975) have examined the d i f f e r e n t i a l momentum spectrum i n 
the region below 10 CeV/c, and t a k i n g i n t o account the most recent absolute 
measurements have produced a mathematical expression, f o r the best f i t , o f 
the form : 
I ( p ) d p = 3.08 l O ^ p ^ * 0 ^ ^ p d p 6 a 
where ^ = -0.5483 and cx^ = -0.3977* 
This is r e f e r r e d t o by the above authors as t h e i r form f i t , and as 
shown by A l l k o f e r and Jokisch (1972) i s a much b e t t e r f i t t o the data, 
o f the K i e l group ( A l l k o f e r e t a l . , 1971) and t h a t of Bateman e t a l . (1971), 
then had p r e v i o u s l y been taken (e.g. the ACT) spectrum of the K i e l Group). 
This w i l l be re t u r n e d t o l a t e r , however t h a t i s important f o r the present 
i s the f a c t t h a t t h i s form f i t j o i n s on very w e l l w i t h the e x t r a p o l a t i o n of 
the present MARS spectrum below 20 GeV/c, w i t h only a very s l i g h t d i s -
c o n t i n u i t y i n slope a t around 7 GeV/c. Hence i n comparing w i t h the data 
o f o t h e r workers below 7 GeV/c t h i s form f i t has been used, the 
d i s c o n t i n u i t y a t 7 GeV/c m a n i f e s t i n g i t s e l f i n some of the comparisons as 
a s l i g h t enhancement o f the i n t e n s i t y ( ~few % ) . 
Table 6.1 shov/s the values of the comparison spectrum which i s taken 
a t the best r e p r e s e n t a t i o n o f the present experimental r e s u l t s . Both 
the d i f f e r e n t i a l and i n t e g r a l i n t e n s i t i e s are given, the l a t t e r being 
c a l c u l a t e d simply by i n t e g r a t i n g the best f i t d i f f e r e n t i a l spectrum. 
Figure 6.1 shows g r a p h i c a l l y these best f i t s p e c t r a . 
6.2.3 The E a r l i e r Durham Measurements 
Results were- reported by Gardener e t a l . . (1962), and by Hayman and 
V/olfendale (1962), on the spectrum measurements made i n the region 0.4 to 
10 GeV/c, and 5 t o 1000 GeV/c r e s p e c t i v e l y , u s i n g the then newly constructed 
cosmic ray muon spectrograph i n Durham. The instrument was of an a i r gap 
magnet type u t i l i z i n g g eiger tubes f o r muon d e t e c t i o n and low momentum 
measurements, p,nd l a t e r neon fl a s h - t u b e s t o increase the r e s o l u t i o n , 
u s i n g the geiger tubes as an automatic momentum s e l e c t o r . The m.d.m. o f 
Momentum D i f f e r e n t i a l I n t e g r a l 
I n t e n s i t i e s I n t e n s i t i e s 
„ i r / -1 -2 -1 -1 -2 -GeV/c s cm sr s cm sr 
(GeV/c)- 1 
1 3. OBxl0" 5 7.09x10" 5 
I t 5 2.31xlO" 5 5.75xlo" 5 
2 1.74x10" 5 4.75xl0' 2 Form f i t o f 
3 1 . 0 4 x l 0 - 5 3.40x10" 5 De et a l . , 1972 
5 4 . 5 5 x l 0 " 4 2.00xlO~ 5 
7 2.35xl0" 4 l . 3 4 x l 0 ~ 5 E x t r a p o l a t i o n o f 
10 I . l 6 x l 0 " 4 8.47xl0" 4 present work below 
15 4.81xl0' 5 4.69x1o' 4 20 GeV/c. 
20 2.43x10" 5 2.96xlO" 4 
30 8.80x10" 6 1.48x10" 4 
50 2.20x10" 6 5.70x10' 5 Best f i t l o g a r i t h m i c 
70 8.43xl0" 7 2.94x10" 5 polynomial expansion t o 
100 2.96xlO~ 7 1.42x10" 5 "the present experimental 
150 8.68x10" 8 6.00x10" 6 r e s u l t s . 
200 3.56xl0' 8 3.18xlO" 6 
300 9.77xlo" 9 1.26x10' 6 
500 1.79xl0" 9 3.74xl0" 7 
700 5.76x10" 1 0 1.67xlO" 7 E x t r a p o l a t i o n o f present 
1000 1.72xl0' 1 0 7.00x10"° vfork above pOO GeV/c. 
Table 6.1 
Values o f the Best Estimate o f the Spectrum 
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each arrangement was quoted as 26 GeV/c and 657 GeV/c r e s p e c t i v e l y . 
The r e s u l t s o f Gardener e t a l . , based upon 191000 events recorded 
a u t o m a t i c a l l y w i t h the geiger tubes, are shown i n f i g u r e 6 . 2 ( a ) together 
w i t h those o f Hayman and Wolfendale using the increased r e s o l u t i o n o f the 
fl a s h - t u b e s , who measured 14556 events, 4520 corresponding t o a momentum 
> 2 0 GeV/c. The r e s u l t s from both these experiments were combined together 
by Hayman and Wolfendale t o give a best estimate o f the spectrum from 0 . 4 
tolOOOGeV/c, shown as the HW spectrum i n f i g u r e 6 . 2 ( a ) . T h i s f i t t e d curve 
was based upon a model o f muon produc t i o n and propagation through the 
atmosphere i d e n t i c a l to t h a t discussed i n chapter 5i the authors having 
assumed tha.t a l l the muons came from pions. The best f i t value o f Y was 
found t o be 2 . 6 4 + 0 . 0 5 i n the region > 10 GeV/c w i t h a 50/= s i g n i f i c a n c e 
l e v e l , ( t h e e r r o r s quoted, to the 16$ l e v e l ) , u s ing a standard t e s t . 
For momenta < 10 Ge.V/c, Y was found, by Gardener e t a l . , to decrease from 
a constant 2 . 6 5 above 5 GeV/c t o 1 .93 a t 1 GeV/c. 
Subsequently an in s t r u m e n t a l b i a s was found i n the HW spectrum,and 
Osborne e t a l , (1964) produced a spectrum, combining the c o r r e c t e d HW 
spectrum w i t h the muon spectrum deduced from the measurements o f Duthie 
e t a l . ( 1962 ) on the i n t e n s i t y o f Y-rays i n the atmosphere. The Y-rays 
were taken as the decay products o f the Tl 0's produced along w i t h the charged 
pions i n the nuclear i n t e r a c t i o n s o f the p r i m a r i e s i n the atmosphere, and 
w i t h the assumption o f charge independence ( i . e . equal numbers o f a l l three 
charged s t a t e s o f the pion,TT§) i n nuclear i n t e r a c t i o n s , the pion production 
spectrum,and hence the muon sea l e v e l spectrum -was deduced. The spectrum 
o f Osborne e t a l . , r e f e r r e d to as the 0F;7 spectrum,is also shown i n f i g u r e 
6 . 2 . ( a ) where the e f f e c t o f the c o r r e c t i o n to the Ktf spectrum can e a s i l y 
be seen. A l l the r e s u l t s i n f i g u r e 6 . 2 . ( a ) , w i t h * t h e exception o f the 
comparison spectrum,which i s also shown, have been renormalized to the 
A l l k o f e r value a t 1 GeV/c; t h e i r previous n o r m a l i z a t i o n having been t o 
the Rossi p o i n t . 
F i n a l l y the Durham spectrograph was modified, by Aurela (1965) w i t h the 
1 . 0 , "1 1 — I — I — I " I I I I 
— Present work 
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i n c l u s i o n o f an i r o n p lug i n the magnet to increase the magnetic f l u x , and 
hence the r e s o l u t i o n o f the instrument. These r e s u l t s together w i t h the 
OP"' spectrum and the underground measurements o f Achar e t a l . . (1965) 
were combined by Aurela. and Yi'olfendale (1967) to give the AV/ spectrum 
also shown i n f i g u r e 6 . 2 .(a), which as can be seen d i f f e r s only from the 
OPW spectrum i n the higher momentum regions ( >100 GeV/c). This excess 
i s thought to be i n e r r o r due to the n o r m a l i s a t i o n of the va r i o u s com-
ponents making up the spectrum, p a r t i c u l a r l y the underground measurements. 
Consequently the best estimate o f the muon spectrom p r e v i o u s l y produced by 
the Durham group i s considered t o be the OFW spectrum. 
Figure 6 . 2 .(b) shows the r e l a t i v e d i f f e r e n c e o f the var i o u s spectra 
from the present best estimate, n o r m a l i s a t i o n , apart from t h a t s t a t e d to the 
c o n t r a r y , i s to the 1 GeV/c p o i n t o f A l l k o f e r e t a l . The experimental 
p o i n t s are again those o f Gardener e t a l . and Kay man and V;ol fend a l e . The 
sudden change i n slope a t around 7 GeV/c i s a r t i f i c i a l and can be a t t r i b u t e d 
t o the s l i g h t d i s c o n t i n u i t y o f the comparison spectrum. The HvY spectrum i a 
g e n e r a l l y steeper than the OPvV and AW, due t o the in s t r u m e n t a l b i a s found 
i n these measurements. Considering the OPV/ spectrum one sees t h a t the general 
trend i s t h a t above 10 GeV/c i t i s s l i g h t l y steeper than the present spectrum 
and i f normalised to the A l l k o f e r p o i n t a t 1 GeV/c p r e d i c t s h i g h e r i n t e n s i t i e s 
up t o several hundred GeV/c, a t which p o i n t the r e l a t i v e d i f f e r e n c e f a l l s 
d r a m a t i c a l l y , presumably due to the e x t r a p o l a t i o n o f the present spectrum 
a t the hi g h energy end. The A7» spectrum i s i n agreement v;ith the OFV/ up 
to -100 GeV/c a t which p o i n t i t r i s e s considerably and i s thought to be 
i n c o r r e c t i n the way described. I f the OPV' spectrum i s normalised t o the 
present best f i t a t 20 GeV/c, then i t i s seen t h a t f o r the reg i o n 20 GeV/c 
to 500 GeV/c over which the present experimental data were c o l l e c t e d , the 
discrepancy between the OPW and the present data i s everywhere small r i s i n g 
t o only 10"' a t 500 GeV/c. The f l a t t e n i n g i n the curve a t around 100 GeV'/c 
i n d i c a t e s a f l a t t e n i n g o f the muon spectrum to very nearly the same shape 
as the present r e s u l t s , though i n the r e g i o n below t h i s momentum the 
spectrum i s obviously steeper. 
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6 . 2 . 4 . The Work o f the Ivottingharn Group 
A major step forward i n spectrum measurements was the i n c l u s i o n o f 
la r g e s o l i d i r o n magnets i n s t e a d o f a i r gap magnets. Apart from i n c r e a s i n g 
the r e s o l u t i o n , and the r a t e o f c o l l e c t i o n o f data, by a l l o w i n g a large 
uniform magnetic f i e l d be sustained over a l a r g e volume, the i r o n also 
acts to f i l t e r o f f other less p e n e t r a t i n g p a r t i c l e s which could p o s s i b l y 
be mistaken f o r mucns i n the a i r gap types o f spectrograph. One o f the 
ea r l y s o l i d i r o n instruments was t h a t c o nstructed a t Nottingham, r e s u l t s 
from which were i n i t i a l l y r e p o r t e d by B u l l e t a l . ( 1 9 6 5 ) . 
The spectrograph used geiger tubes f o r t r i g g e r i n g and hence acceptance 
d e f i n i n g devices, and o p t i c a l neon f l a s h - t u b e s f o r t r a j e c t o r y l o c a t i o n , 
there being two sets o f each type o f d e t e c t o r both above p.nd below the 
magnet. The m.d.in. was quoted as 36O GeV/c. 
Subsequent t o the i n i t i a l measurements o f B u l l e t a l . , more data was 
c o l l e c t e d f i r s t by Baber e t a l . (196S), and then by Appleton e t a l . ( 1 9 7 1 ) . 
The r e s u l t s o f the analyses o f both these groups o f authors are shown o f 
f i g u r e 6 . 3 . ( a ) where they have been normalised at 20 GeV/c to the present 
r e s u l t s , the best f i t curve o f which i s also shown. Using an a l l pion 
muon produc t i o n model Baber e t a l . f i n d a best f i t value o f 2 . 6 5 + 0 . 0 ? 
f o r V , w h i l s t i n t h e i r i n i t i a l a n a l y s i s using f a i r l y l a r g e d e f l e c t i o n 
ranges,Appleton e t a l . f i n d a Y value o f 2 . 7 3 + 0 . 0 2 . There seems t o be 
no reason f o r t h i s d i f f e r e n c e o t h e r than s t a t i s t i c a l . The l a t t e r value 
i s based upon more p a r t i c l e s i n c l u d i n g , however, those i n the former e x p e r i 
rnent. Appleton e t a l , then f u r t h e r d i v i d e t h e i r h i g h e s t momentum categorie 
i n t o s m a l l e r d e f l e c t i o n ranges, and attempt t o f i n d a best f i t w i t h the 
i n c l u s i o n o f e i t h e r kaons or -ifce X - p a r t i c l e ( d i r e c t muon p r o d u c t i o n , i . e . 
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the Utah e f f e c t . ) , as muon producers. Using a standard X t e s t they f i n d 
a best f i t w i t h Y = 2 . 7 4 5 and a K/TT r a t i o o f 20,<, the same value o f Y 
being found f o r the best f i t w i t h 5/'- d i r e c t p r o d u c t i o n . The values o f the 
best f i t curves o f both Baber e t a l . and Appleton e t a l . , again normalised 
to 20 GeV/c are shown i n f i g u r e 6 . 5 . ( a ) , w h i l s t f i g u r e 6 . 3 . ( b ) shows the 
r a t i o o f these Nottingham spectra t o the best estimate from the present 
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results-. As i n the e a r l i e r Durham work, the spectra are obviously steeper, 
though i n the Nottingham case t h i s i s even more pronounced, the best f i t 
curve o f the l a t e s t r e s u l t being -30 to 40/' lov/er a t ~500 GeV/c. A 
poss i b l e source o f such a d i f f e r e n c e could be i n the negle c t o f any momentum 
dependent e f f e c t s c o n t r i b u t i n g to event r e j e c t i o n i n the a n a l y s i s procedure. 
For example, a,s i n the present a n a l y s i s (chapter 5 ) f the p r o b a b i l i t y o f the 
muon being accompanied, by e l e c t r o n s from the i r o n block i s s t r o n g l y dependent 
upon momentum, and since the Nottingham spectrograph has only two f l a s h -
tube t r a y s below the nagnet, any such events producing e x t r a t r a c k s are 
very l i k e l y to have been r e j e c t e d . Another possible momentum dependent e f f e c t 
i s the p r o b a b i l i t y o f a muon being accompanied by an a i r shower which again 
would cause the event to be r e j e c t e d . However i n most ot h e r spectrograph 
measurements, i n c l u d i n g the present ilAHS one, such a momentum dependent 
e f f e c t has also been neglected, and consequently i t i s d i f f i c u l t to see how 
t h i s w i l l e f f e c t the r e l a t i v e d i f f e r e n c e between the two measurements o f the 
muon spectrum, unless such an e f f e c t i s a f u n c t i o n o f the spectrograph 
i t s e l f , i . e . dependent upon the size o f the spectrograph and the d e t a i l s 
o f i t s c o n s t r u c t i o n . I f t h i s i s the case then i t w i l l be very d i f f i c u l t 
t o compare the r e s u l t s o f d i f f e r e n t spectrographs o f v a s t l y d i f f e r e n t s i z e s , 
t o any degree o f p r e c i s i o n . 
The general conclusion i s t h a t the Nottingham r e s u l t s seem to give a 
g r e a t l y steeper spectrum over the whole energy r e g i o n , than the present 
r e s u l t s . I t i s i n t e r e s t i n g t o note t h a t Appleton.et a l . make the remark 
t h a t t h e i r experimental p o i n t s l i e c o n s i s t e n t l y above the best f i t l i n e 
(even w i t h the i n c l u s i o n o f the oth e r sources o f rnuons), a t the high e r energies. 
T h i s , they conclude, could be due t o a d d i t i o n a l c o n t r i b u t i o n s from kaons or 
d i r e c t p r o d u c t i o n , poor s t a t i s t i c a l accuracy, or inadequacies i n the t h e o r e t -
i c a l model expressing the muon p r o d u c t i o n . However i t i s , to some e x t e n t , 
the same e f f e c t as i n the present experimental data, and also could p o s s i b l y 
be due t o a f l a t t e n i n g i n the pr o d u c t i o n spectrum o f the muons' parents. 
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6.2.5 The Spectrum o f the K i e l Grout) 
As v f e l l as the absolute r a t e experiments performed by the workers 
a t K i e l , the v e r t i c a l muon momentum spectrum has also been measured, over 
a wide range o f energies, i n a. s e r i e s o f experiments using three d i f f e r e n t 
spectrographs. The r e s u l t s from a l l three instruments, combined w i t h thei- 1" 
absolute i n t e n s i t y p o i n t a t 1.11 GeV/c, have been c o l l e c t e d together by 
A l l k o f e r e t a l . (1971) to produce a best estimate o f the spectrum from 
0.2 3eV/c t o 1000 GeV/c. 
The experiments consisted o f measurements w i t h two a.ir gap magnet 
spectrographs i n the reg i o n 0.2 t o 10 GeV/c and one s o l i d i r o n magnetic 
spectrograph measuring momenta >10 GeV/c, The spectrum measured w i t h the 
l a t t e r was absolute, w h i l s t the former were not and were normalised to the 
absolute i n t e n s i t y p o i n t a t 1.11 GeV/c. The r e s u l t s from these experiments, 
as presented by A l l k o f e r e t a l . (1971) a t the Kobart Cosmic iiay Conference, 
are shown i n f i g u r e 6.4i along w i t h o t h e r recent measurements to be 
described l a t e r . To produce t h e i r best f i t spectrum the usual t h e o r e t i c a l 
m o d e l , i d e n t i c a l w i t h t h a t o u t l i n e d i n chapter 5I V /E ,S used and a best f i t . 
value o f Y o f 2.63 and a K/TC r a t i o o f 0.0 was found. This i s shown as 
the ACI) ( A l l k o f e r , Carstensen, and Dau)spectrum i n f i g u r e 6.4 Close 
examination o f t h i s spectrum over the e n t i r e energy region shovis t h a t i t i s 
a f a i r l y good f i t i n the lower energy r e g i o n (below t h a t shown on f i g u r e 
6 .4 ) , but begins to f a i l a t the high e r energies, presumably due to the 
constant Y being taken over such a wide momentum range. Further examin-
a t i o n o f the K i e l data shows t h a t the r e s u l t s o f t h e i r high energy experiment 
(10 t o 1000 GeV/c; shown as cresses), and low energy experiment(open 
c i r c l e s and t r i a n g l e s ) are i n disagreement i n the r e g i o n o f 10 GeV/'c. 
I n f a c t the low energy data l i e s below the ACD spectrum i n the r e g i o n 
2 to 10 GeV/c, and t h a t a t high energy l i e s above the A'JD spectrum i n the 
re g i o n 10 - 20 GcV/c, but becomes lower as the incmentum increases. As 
r e s u l t o f t h i s discrepancy the high energy r e s u l t s are examined i n more 
d e t a i l below. 
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The ITHPJ'ES spectrograph (as i t i s knovm) c o n s i s t s o f a l a r g e s o l i d 
i r o n magnet w i t h p a r t i c l e d e t e c t o r s above and below. The whole instrument 
i s l o c a t e d on a frame which can be r o t a t e d to i n v e s t i g a t e the spectrum a t 
i n c l i n e d angles. T r i g g e r i n g i s by means o f fou r s c i n t i l l a t i o n counters, 
two above and two below the magnet, f i i x double gap o p t i c a l spark chambers 
c o n s t i t u t e the t r a j e c t o r y l o c a t i o n elements, three being s i t u a t e d between 
each o f the p a i r s o f s c i n t i l l a t i o n counters. The spectrograph i s s i t e d 
beneath a t h i c k concrete r o o f ( ~300 gm cm"2) o f i r r e g u l a r but known shape. 
The procedure o f the a n a l y s i s was t o f i t s t r a i g h t l i n e t r a c k s to the sparks 
i n the two sets o f these spp.rk chambers whenever p o s s i b l e , and c a l c u l a t e 
the muon's momentum from the amount o f angular d e f l e c t i o n . The p o s i t i o n o f 
emergence o f the muon t r a c k form the i r o n block i s then computed from a 
knowledge o f the i n c i d e n t p o s i t i o n , angle, and momentum, and compared- w i t h 
t h a t observed. I f there i s agreement w i t h i n three times the standard d e v i a t i i o n 
expected from m u l t i p l e s c a t t e r i n g , then the event i s accepted. The sea 
l e v e l momentum i s then c a l c u l a t e d by. p r o j e c t i n g back through the concrete 
r o o f . 
No momentum dependent c o r r e c t i o n s have been included to allow f o r the 
electromagnetic i n t e r a c t i o n s o f the muon i n the i r o n , o r i n the concrete 
r o o f , which would have caused a p a r t i c l e t o be accompanied by b u r s t e l e c t r o n s . 
T his would be a d i f f i c u l t c o r r e c t i o n t o make as such events are not automatic-
a l l y r e j e c t e d , and was neglected by the workers on the grounds t h a t such an 
e f f e c t would be expected t o be sma l l , and the s t a t i s t i c a l e r r o r s are so 
lar g e t h a t i t i s not j u s t i f i e d . However there ma,y be some e f f e c t causing 
a depression a t the hi g h energy end. 
A more serious e f f e c t which may have some bea r i n g on the 'highness' 
o f the lower energy p o i n t s may be caused by the c r i t e r i a used t o s e l e c t 
events, i . e . comparing the p o i n t o f emergence from the magnet w i t h t h a t 
expected. I n the Diplomabeit o f Fanders ( 1 9 7 l ) f who was responsible f o r 
the s e l e c t i o n , the events are grouped according t o the number o f spark 
chambers, e i t h e r above or below the magnet, which had sparks i n them, 
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the groups being l a b e l l e d 3 to 0 as shown i n f i g u r e 6 . 6 ( a ) . I f the f i t t i n g 
c r i t e r a were c o r r e c t , and only muon t r a c k s were being accepted then one 
would expect the same shape f o r the spectrum obtained by c o n s i d e r i n g any 
of the groups of t r a c k s . However, as shown i n f i g u r e 6 . 6 . ( b ) , reproduced from 
the work o f Fahnders, t h i s i s not the case. The d i f f e r e n t i a l spectra obtained 
from the d i f f e r e n t combinations o f groups above and below the magnet are 
p l o t t e d r e l a t i v e to t h a t obtained only c o n s i d e r i n g group 3 events i n both the 
upper and lower l e v e l s of spark chambers. 
Figure 6 . 6 ( b ) shows t h a t whenever the t r a c k of the muon i s not defined 
by a l l three spark chambers then a momentum dependent e f f e c t i s i n t r o d u c e d . 
A possible ex p l a n a t i o n f o r t h i s i s t h a t when there are only two spark 
chambers o p e r a t i v e i n d e f i n i n g the muon's t r a c k , then there i s a g r e a t e r 
chance t h a t any spurious sparks w i l l l i e w i t h i n the s c a t t e r i n g c r i t e r i a 
a t lower momenta, since the absolute s i z e of the acceptable channels increase 
as the momentum decreases. Since there are approximately equal numbers 
one might expect the t o t a l e f f e c t t o be roughly as shown i n the dashed 
l i n e i n f i g u r e 6 . 6 . ( b ) . I t i s i n t e r e s t i n g t o note t h a t such a r i s e i s 
e x a c t l y what i s observed i n f i g u r e s 6 .4 and 6 .5 which show the r e l a t i v e 
d i f f e r e n c e of recent r e s u l t s from the present best estimate o f the spectx'um, 
and i n f a c t these lower momentum p o i n t s (10 GeV/c to 20 GeV/c) may be 
~20% too h i g h . 
Considering the o v e r a l l p i c t u r e o f the spectrum from the K i e l group 
i t appears t h a t between 1 and 10 GeV/c the spectrum i s more a c c u r a t e l y 
given by the form f i t of De e t a l . , than the ACD spectrum, and above 10 CeV/c, 
remembering t h a t there may be a momentum b i a s , there i s f a i r l y good agree-
ment, w i t h i n the experimental e r r o r s , w i t h the present r e s u l t s . The ACD 
spectrum i s 10?o too high i n the r e g i o n ~20 GeV/c and, being steeper than 
the present spectrum, f a l l s t o ~20Jo below the present work a t 500 GeV/c. 
6 . 2 . 6 The Dagapur Spectrum 
Nandi and Sinha (1972) have r e p o r t e d a measurement o f the v e r t i c a l ©uon 
of events and other events i n the data making up the f i n a l spectrum, 
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spectrum jn tho range 5 to 1200 Gev/c, made using a s o l i d i r o n magnet spectro-
graph i n c o r p o r a t i n g geiger and fl a s h - t u b e d e t e c t o r s , having an m.d.m. o f 
PB5 GeV/c. A best f i t Y o f 2 .61 was found f o r an a l l pion production 
spectrum v:ith J2f^ s i g n i f i c a n c e . The r e s u l t s are shown i n figures 6.4 and 6 . 5 , 
where i t i s seen t h a t there i s f a i r l y good agreement w i t h the present 
r e s u l t s w i t h regard to the shape although the r e s u l t s o f Nandi and oi.nha 
are -10;'' h i g h e r i n f i g u r e 6 .7 '"here they have been normalised to the 
A l l k o f e r e t a l . (1970) i n t e n s i t y a t 1 GeV/c, the n o r m a l i s a t i o n being made 
by e x t r a p o l a t i n g the best f i t curve from 5 GeV/c down to 1 GeV/c. This 
i n d i c a t e s t h a t e i t h e r the e x t r a p o l a t i o n i s not v a l i d , o r t h a t there e x i s t s 
?. d i f f e r e n c e i n shape between the two spectra i n the region < 5 GeV/o. 
Figure 6 . 5 shows the comparison when n o r m a l i s a t i o n i s made t o the present 
r e s u l t s a t 20 GeV/c, and as noted there i s good agreement up to ~1000 GeV/c, 
w i t h i n the e r r o r s , vfhich a t t h i s momentum become very l a r g e . 
6 . 2 . 7 Spectrum T.'.easurements Presented a t the Denver Conference. 
Apart from the p r e l i m i n a r y r e s u l t s o f the work c o n s t i t u t i n g the main 
bu l k o f t h i s t h e s i s , tv;o other d i r e c t measurements o f the v e r t i c a l sea 
l e v e l spectrum were re p o r t e d ; from the AKii spectrograph a t College S t a t i o n , 
Texas, and the U'JSD spectrograph a t San Diego, C a l i f o r n i a , 
(a) The AI.'.H Results. 
Results up to ~50 GeV/c had been p r e v i o u s l y reported from t h i s group 
by Bateman e t a l . ( 1971) who measured the absolute spectrum i n the r e g i o n 
3 t o 53 GeV/c. Again the spectrograph i s a s o l i d i r o n magnet type, w i t h 
s c i n t i l l a t i o n counter, and o p t i c a l spark chamber p a r t i c l e d e t e c t o r s . The 
r e s u l t s are shown i n f i g u r e s 6 .4 and 6 .5 where they are seen to agree very 
w e l l i n shape w i t h the present best estimate o f the spectrum; t h i s i s as 
expected, below 7 GeV/c,since the form f i t o f De e t al.,r»hich i s taken as the 
t e s t estimate below t h i s momentum,was based p a r t l y upon these r e s u l t s . The 
absolute h e i g h t i s seen t o be below t h a t estimated i n the present work. 
Extended measurements have been presented by the same group (Abdel-h'.onem 
e t a l . , 1973) a t the Denver Conference, and on f i t t i n g a standard t h e o r e t i c a l 
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model to the data assuming an a l l pion source, the group f i n d a best f i t 
Y o f 2 . 6 7 . Closer examination o f the data presented, i n f i g u r e 6.7» reveals 
t h a t the measured p o i n t s ?re much lower i n i n t e n s i t y above 20 ueV/c, than 
t h e i r best f i t , which presumably i s weighted by the sms.ll e r r o r s on the lov< 
momentum p o i n t s . Because o f t h i s apparent inconsistency, and the. lack o f 
agreement w i t h the o t h e r r e s u l t s , t h i s data w i l l not be considered any 
f u r t h e r . 
(b) The UCSD Spectrograph. 
B u r n e t t e t a l . (1973) have r e p o r t e d recent r e s u l t s from the spectro-
graph a t San Diego. The instrument i s a l a r g e s o l i d i r o n magnet spectro-
graph capable o f being r o t a t e d to d i f f e r e n t z e n i t h angles. The m.d.m. i s 
quoted as 2500 Ge'//c and the o v e r a l l acceptance a.s 1550 cm s r , consequently 
i t i s one o f the l a r g e s t so f a r o p e r a t i o n a l and compares i n size w i t h uAiiS. 
The p a r t i c l e d e t e c t i o n elements are s c i n t i l l a t i o n counters and spark chambers 
w i t h d i g i t i s e d m a g n e t o s t r i c t i v e read-outs, r e s u l t i n g i n the a b i l i t y to 
analyse a large amount of data ( ~2 x 1 0 ^ events i n the above p u b l i c a t i o n ) . 
I'easurements were made at var i o u s z e n i t h angles, and a method presented 
e n a b l i n g the data from the d i f f e r e n t angles t o be combined together t o give 
an estimate o f the v e r t i c a l spectrum. The method i s based upon a t h e o r e t i c a l 
model o f muon production and propagation s i m i l a r to t h a t given i n chapter 5> 
and assumes a constant value o f Y 9 and an a l l pion source. Using t h e i r 
method, S u r n e t t e t a.l. deduce t h a t the best f i t Y i s 2 .715 + C . 015 f and 
present a spectrum i n terms o f the parameter k (= l / S ) . Since the p u b l i c a t i o n 
at the Denver Conference the r e s u l t s have been r a i s e d by 15;% and are shov-n 
converted to a d i f f e r e n t i a l momentum spectrum i n f i g u r e s 6.4 and 6 . 5 . (ii« 
the former they have the same n o r m a l i s a t i o n as given by the authors, r a i s e d 
by 15$ 1 w h i l s t i n the l a t t e r they have been r a i s e d by a f u r t h e r 22-/' to b r i n j 
them c l o s e r to the present r e s u l t s ) . I t can be seen t h a t they represent, 
apart from the present MARS r e s u l t s , the most s t a t i s t i c a l l y accurate data 
i n the r e g i o n above 100 GeV/c, so f a r r e p o r t e d , and indeed are very compatible 
i n shape w i t h the present r e s u l t s , the absolute n o r m a l i s a t i o n however, even 
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w i t h the increase o f 15% b e i n g 22% lower. I t i s not c l e a r a t the present 
time what are the f u l l i m p l i c a t i o n s o f the procedure o f combining together 
the data from d i f f e r e n t z e n i t h angles i n the way the authors describe; 
a p o i n t which i s f u r t h e r emphasized by the f a c t t h a t the spectrum o f a c t u a l 
combined experimental data p o i n t s appears much f l a t t e r , p a r t i c u l a r l y a t the 
highe r momenta, than the best f i t w i t h Y= 2 .715 (see f i g u r e 6 . 7 ) . I t i s 
encouraging however t h a t the shape deduced agrees so w e l l w i t h t h a t o f the 
present experiment. 
6 . 2 . 8 Conclusion from the D i r e c t Measurements 
Examination o f f i g u r e s 6.4 and 6 .5 shows t h a t i n the recent measurements 
made o f the muon spectrum up t o 1000 GeV/c there i s no evidence to suggest 
t h a t the r e s u l t s found i n the present experiment are i n c o r r e c t to any large 
degree, though i n the m a j o r i t y o f cases the experimental e r r o r s are so large 
as t o p r o h i b i t any f i r m conclusions. The reasons f o r discrepancies w i t h the 
e a r l i e r measurements (e.g. Durham and Nottingham), which g e n e r a l l y g i v e 
steeper spectra a t high e r energies,.may be put down t o poor s t a t i s t i c a l 
accuracy, and p o s s i b l y i n s t r u m e n t a l biases i n these experiments. 
The ACD spectrum o f A l l k o f e r e t a l . seems t o be i n e r r o r by ~10% i n 
the r e g i o n 10 t o 100 GeV/c, ( t h e peaking a t 7 GeV/c i s a r t i f i c i a l l y caused 
by the d i s c o n t i n u i t y i n the comparison spectrum). The sudden downward 'kink' 
i n the comparison w i t h the ACD spectrum i n f i g u r e 6 . 5 i s a r e f l e c t i o n o f the 
f a c t t h a t a t around t h i s energy the comparison spectrum changes slope 
d r a m a t i c a l l y , and f u r t h e r emphasises the conclusions reached a t the end of 
chapter 5 . 
As an argument against the constant V pion spectrum f i t t e d by most 
workers t o t h e i r data, f i g u r e 6 . 7 shows the r e s u l t s of the f o u r most recent 
e x p e r i m e n t s , i n d i c a t i n g both the experimental p o i n t s and the best f i t spectra 
quoted by the authors, ( t h a t o f the AKH spectrograph i s shown f o r complete-
ness). I n each case there i s evidence, though not co n c l u s i v e , t h a t towards 
the h i g h energy end, the spectrum i s becoming f l a t t e r than t h a t corresponding 
t o a constant value o f V . 
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6.5 I n d i r e c t Determinations o f the J'luon Spectrum. 
As i n d i c a t e d a t the beginning o f t h i s chapter, apart from the d i r e c t 
measurements of the sea. l e v e l muon spectrum, there are three main methods 
f o r i t s deduction i n d i r e c t l y . The l a s t o f these methods, based upon measure-
ments o f the Y-ray f l u x i n the atmosphere, has been used by Osborne e t a l . 
(1964) to -produce the OP'tf spectrum, (from the measurements o f Duthie e t a l . 
I 9 6 2 ) , and r i l l not be discussed any f u r t h e r . The oth e r methods i n v o l v e 
the observation o f e i t h e r the muon i n t e n s i t i e s underground or underwater, 
o r the examination o f electromagnetic bursts produced by muons i n absorbing 
m a t e r i a l s . I n i t i a l l y the basis o f these methods w i l l be o u t l i n e d , and then 
the r e s u l t s from two recent surveys w i l l be compared w i t h the present 
r e s u l t s . 
Underground measurements o f muon i n t e n s i t i e s are converted to ses. 
l e v e l spectra by the use o f range-energy r e l a t i o n s , c a l c u l a t e d from the 
t h e o r i e s o f electromagnetic i n t e r a c t i o n s , ( i o n i z a t i o n , bremsstrahlung, and 
p a i r p r o d u c t i o n ) , and nuclear i n t e r a c t i o n s o f the muon i n the p a r t i c u l a r 
m a t e r i a l traversed by the muon from sea l e v e l t o the d e t e c t o r . Two problems 
a r i s e i n the i n t e r p r e t a t i o n o f such r e s u l t s , i n the c a l c u l a t i o n o f the 
eq u i v a l e n t sea l e v e l energy, and i n the determination o f the i n t e n s i t y . 
Since the energy deduced a t sea l e v e l i s dependent upon the amount o f energy 
l o s t i n the muons t r a v e l , the accuracy o f the energy d e t e r m i n a t i o n i s 
governed by the accuracy to which the energy l o s s processes can be formulated 
mathematically, and by the accuracy o f the knowledge o f the amount and type 
o f m a t e r i a l t r a v e r s e d , and t o t h i s l a t t e r end extensive g e o l o g i c a l surveys 
are necessary. The main source o f e r r o r i n the energy l o s s theory i s i n the 
nuclea r i n t e r a c t i o n s which become important a t high energy. The s i t u a t i o n 
i s f u r t h e r complicated by the- f a c t t h a t the energy losses due to 
bremsstrahlung ( r a d i a t i o n l o s s ) are not continuous, and the muon has the 
i n f r e q u e n t p r o b a b i l i t y o f l o s i n g a l a r g e p a r t o f i t 3 energy i n a s i n g l e 
c o l l i s i o n , r e s u l t i n g i n the range o f the muon f l u c t u a t i n g . This becomes 
importan t a t high energies ( l a r g e depths) where the spectrum i s very steep, 
and causes an e f f e c t i v e increase i n the i n t e n s i t y . Therefore a c o r r e c t i o n 
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has to be made to the i n t e n s i t y t o allow i'or these f l u c t u a t i o n s , which i s 
g e n e r a l l y c a l c u l a t e d u s i n g Iv.'onte Carlo techniques (e.g. Ilayman e t a l . , 
1963; I.'enon and Ra.na.na :.\urthy, I 9 6 7 ) , and which,together w i t h the range-
energy r e l a t i o n , p l a y s an important p a r t i n the i n t e r p r e t a t i o n o f the 
r e s u l t s . 
Vi'ith regard t o the b u r s t experiments the s i t u a t i o n i s somewhat s i m i l a r 
i n t h a t the r e l i a b i l i t y o f the electromagnetic theory, p a r t i c u l a r l y t h a t 
o f bremsstrahlung, i s d i r e c t l y r e l a t e d to the accuracy o f energy measure-
ments. Also o f importance i s the s e n s i t i v i t y o f the d e t e c t o r s from which 
the b u r s t sine has t o be determined, and obviously a wrong estimate o f any 
o f these e f f e c t s could lead t o a, wrong energy d e t e r m i n a t i o n . I n the main, 
three types o f d e t e c t o r have been used : p l a s t i c s c i n t i l l a t i o n counters, 
i o n i z a t i o n chambers, and X-ray emulsions, the l a t t e r two mainly being 
e x p l o i t e d by workers i n the U.S.S.H.. They are g e n e r a l l y b u i l t i n t o 'sandwich 1 
l i k e c o n s t r u c t i o n s , the d e t e c t o r s being i n t e r l e a v e d w i t h absorbing m a t e r i a l 
( u s u a l l y l e a d ) and the development o f the- cascade o f e l e c t r o n s , produced 
by the muons, s t u d i e d . The energy o f the muon i s deduced from the size o f 
the shower. Recently t h e i r has been controversy about the d i f f e r e n c e s i n 
the r e s u l t s from the i o n i z a t i o n chamber experiments and those using X-ray 
emulsions. Experiments w i t h the former (e.g. E r l y k i n e t a l . , 1971) give 
a much f l a t t e r spectrum above a few hundred GeV than t h a t expected 
t h e o r e t i c a l l y , and which had been observed w i t h the X-ray emulsion technique. 
Recently E r l y k i n e t a l . (1973) have suggested a s o l u t i o n i n the p o s s i b l e 
existence o f an anomalous i n t e r a c t i o n which produces electron-photon cascades 
having a wider angular d i s t r i b u t i o n than p r e d i c t e d by conventional theory, 
and which are detected by the i o n i z a t i o n c a l o r i m e t e r s but not by theX-ray 
emulsion techniques. 
Figure 6 .8 shows the r e s u l t s given i n two recent surveys o f i n d i r e c t 
measurements. The experimental p o i n t s above 1000 CJe»/c are the data given 
by Ng e t a l . ( 1 9 7 '(a) and 1973(b), i n t e r n a l communication), who used the 
most recent data, combined w i t h a r e c a l c u l a t i o n o f the range-energy r e l a t i o n 
and f l u c t u a t i o n problem, t o produce a best f i t l i n e , u s ing the standard 
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model w i t h n i l pion p r o d u c t i o n , having Y = 2.70 + 0.03 from 10^ GeV to 
10 GeV. Also shown i s a survey by Wright (1973 (a) p r i v a t e communication) 
based on underground and underwater data, and a reassessment of the range-
energy r e l a t i o n f o r d i f f e r e n t types o f m a t e r i a l (Wright, 1 9 7 3(b)). Shown 
f o r comparison i n f i g u r e 6.6 are the r e s u l t s o f the present experiment, 
those o f A l l k o f e r e t a l . (1971), and those o f Kandi and Sinha (1972), a l l 
normalised as i n the o r i g i n a l p u b l i c a t i o n s . 
As can be seen there i s agreement i n shape between the present r e s u l t s 
and those o f '"right over the energy range o f the present experiment. Above 
500 GeV both an e x t r a p o l a t i o n o f present r e s u l t s and the data o f Wright 
seems t o be g i v i n g too h i g h i n t e n s i t i e s compared w i t h the experimental 
p o i n t s a t these energies. Examination of the a v a i l a b l e data above 1000 GeV 
shows t h a t i t i s possible t h a t the present r e s u l t s ( < 500 GeV) could be 
c o r r e c t , ?.nd would imply t h a t the muon spectrum, and hence the pion speci.rur.: 
would, have t o decrease i n slope again somewhere i n the re g i o n 1000 t o 
10000 GeV . 
6.4 Summary 
Comparison w i t h o t h e r d i r e c t measurements shows t h a t there i s no 
evidence to suggest t h a t the present r e s u l t s , and t h e i r i n t e r p r e t a t i o n i n 
terms o f a decrease i n the value o f Y o f the parent p r o d u c t i o n spectra, 
are i n c o r r e c t . This seems to be f u r t h e r supported by the f a c t t h a t many 
ot h e r experiments seem also t o show the ssme tendency o f an increase i n 
muon i n t e n s i t y a t high energies above t h a t expected 6n a constant 
model although the i m p l i c a t i o n s have not been persued. When one considers 
also the i n d i r e c t measurements i t i s c l e a r t h a t i f they are c o r r e c t , then 
the spectrum cannot continue w i t h t h i s lower value o f Y « and a r i s e i n i t s 
value, and hence a r e l a t i v e decrease i n the muon i n t e n s i t y above -1000 GoV 
would, be i m p l i e d . 
I t i s i n t e r e s t i n g t o note t h a t i n a recent paper by Wdowczyk and .Voifeniale 
(1973) a decrease i n the slope o f the primary spectrum above -1000 GeV 
( t o an i n t e g r a l slope o f 1.44) was proposed t o accommodate the recent d i r e c t 
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measurements on the primary spectrum o f Hyan e t a l . (1971) which i f 
e x t r a p o l a t e d to the energies o f a i r shower measurements would r e s u l t i n 
too low an i n t e n s i t y . I f one assumes the theory o f s c a l i n g to be t r u e , then 
the slope o f the pion spectrum would r e f l e c t the slope o f the primary 
spectrum and talcing an approximate f i g u r e o f 10:1 f o r the r a t i o between 
the p r i m a r i e s and the eventual r e s u l t a n t muons (a r a t i o suggested by the 
f a c t t h a t the mean value o f the energy o f the pions, vihich are important 
i n cosmic ray studies,from the I.S.R. data i s 0.16 o f the energy o f the 
p r i m a r i e s ) , then the theory o f the above authors would p r e d i c t an increase 
i n the muon i n t e n s i t y a t ~100 GeV s i m i l a r t o t h a t which has been observed 
i n the present work. W h i l s t a t the present time there i s no conclusive 
evidence i n favour of a f l a t t e n i n g o f the primary spectrum, the present 
r e s u l t s suggest t h a t the p o s s i b i l i t y o f the spectrum becoming l e s s steep 
i n the region o f 1000 GeV cannot be r u l e d out. 
As regards the absolute n o r m a l i s a t i o n o f the muon spectrum i t i s seen 
t h a t there i s s t i l l some disagre-ment, presumably r e f l e c t i n g the d i f f i c u l t y 
o f i t s measurement, and recent r e s u l t s are seen t o vary consi.dera.bly. 
However the present r e s u l t i s s a t i s f a c t o r i l y c o n s i s t e n t w i t h the mean o f 
the recent observations, and the agreement i n i n t e n s i t y between the present 
work and the spectrum o f De e t a l . supports the view o f the present work 
t h a t i t i s accurate to w i t h i n a few percent. I n the next chapter an 
experiment i s described t o measure the i n t e g r a l absolute r a t e above the 
c u t - o f f momentum imposed by the i r o n i n the spectrograph ( - 7 GeV/c) which 
as w i l l be seen lends support t o the correctness o f the present estimate 
o f the h e i g h t o f the spectrum. 
9 8 
CHAPTER 7 
THdi ABSOLUTE it ATS EXPEiili.JiiW 
7.1 I n t r o d u c t i o n 
The T'AItS spectrograph, as " • e l l as being operated as a magnet spectro-
graph, can also be used as a range spectrograph to measure the i n t e g r a l 
muon i n t e n s i t y above the e f f e c t i v e c u t - o f f momentum defined by the q u a n t i t y 
o f absorbing m a t e r i a l i n the muon beam. The r e s u l t s o f such an experiment 
were reported a t the ilob a r t Cosmic hay Conference (Ayre e t a l . , 1 9 7 1(b)), 
and were found t o be i n disagreement w i t h s e v e r a l other r e s u l t s , n otably 
those o f A l l k o f e r e t a l . (1371). The I.IAHS i n t e n s i t i e s were found t o be 
11.5"' and 10.9."' lower than those p r e d i c t e d by the ACi) .spectrum a t momenta 
of J .4G and 7.12 'JeV/c r e s p e c t i v e l y , and i n view o f the grossness o f these 
discrepancies i t was decided, to repeat the experiment a t the high momentum 
value. The r e s u l t s o f t h i s 'repeat' experiment are given i n t h i s chapter, 
and they have also been presented at the Denver Conference (Ayre e t a l . , 
1973). 
For the purpose o f t h i s experiment I.-AiiS e s s e n t i a l l y c o n s i s t s o f f o u r 
l a r g e s o l i d i r o n blocks, and three s c i n t i l l a t i o n counters, (a.s shown i n 
f i g u r e 2 . 1 ) . The experimental procedure i s to reduce the magnetic f i e l d i n 
the blocks to zero, and. count the r a t e o f 3-fold, coincidences between the 
s c i n t i l l a t i o n counters. From t h i s i n f o r m a t i o n , a f t e r a p p l y i n g several 
c o r r e c t i o n s t o be described i n the f o l l o w i n g s e c t i o n s , the r a t e above the 
e f f e c t i v e c u t - o f f momentum ( ~7 GeV/c) o f the whole instrument can be 
c a l c u l a t e d . (The l o v e r momentum value (3«4B GeV/c) i n the previous experi.;isn 
came from c o n s i d e r i n g only p a r t i c l e s p e n e t r a t i n g the top two i r o n blocks. 
Since there were s i m i l a r discrepancies between the i n i t i a l i.j'x'ii3 iceasuremeiits 
and the measurements o f other workers a t both momenta i t v/as only f e l t 
necessary t o repeat the experiment a t one value o f momentum, the higher 
being the e a s i e r as t h i s d i d not i n v o l v e moving the s c i n t i l l a t i o n counters 
from the p o s i t i o n they occupied d u r i n g the spectrum measurements.) 
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7.2 Reduction o f the Magnetic F i e l d t o Zero 
The r e d u c t i o n o f the magnetic f i e l d t o zero i n v o l v e d the standard 
method, o f successively r e v e r s i n g the f i e l d w h i l s t g r a d u a l l y reducing the 
e n e r g i s i n g c u r r e n t to zero. The procedure o f r e v e r s i n g the f i e l d was t o 
switch the c u r r e n t o f f , w a i t ~ 30 seconds, and then switch the c u r r e n t on 
again i n the opposite d i r e c t i o n w i t h a s l i g h t l y reduced va l u e , (the 30 
seconds delay was necessary to allow the la r g e i n d u c t i v e e f f e c t s o f the 
magnet c o i l s to die away before a t t e m p t i n g to reverse the f i e l d which other-
wise could r e s u l t i n damage t o the instrument, and p o s s i b l y to the o p e r a t o r ) . 
Table 7.1 nhowe the c u r r e n t 3 t e p s used i n t h i s r e d u c t i o n method together 
w i t h the values o f the f i e l d a t the end of the f i r s t f o u r c u r r e n t ranges, 
which have been c a l c u l a t e d from measurements o f Jv&t, made using a large 
l o o p o f wire around one arm o f e. magnet block. 
Current Reduction 
Range (amps) 
Approximate Magnetic F i e l d 
Reduction Step a t one. o f Reduc-
Length (amps) t i o n Range (ku) 
^ - f o l d Coincidence 
r a t e (;nin~l) 
50 16 .3 17.68+0.26 
50-9.95 0 .5 11.5 21.25+0.17 
9.95-6.05 0 .5 8 .5 23.55+0.27 
6.05-4.10 0.2 5.7 25.49+0.15 
4.10-2.00 0.1 2.3 26.11+0.10 
2.00 -1 .00 0 . 1 - — 
1 .00-0.30 0.05 — — 
0.50-0.20 0 .C2 — — 
0 .20 -0 .10 0 .01 — — 
0 . 10 -0 .05 0 .005 — — 
0.05-0 .02 0 .002 — — 
0 . 02 -0 .00 0.001 0. 28.34+0.17 
Table 7-1 
Summary o f the Procedure o f :" ieducing the F i e l d to Zero 
The small c u r r e n t r e d u c t i o n steps used, p a r t i c u l a r l y a t low c u r r e n t s , 
are important s i n c e , i n order t o reach a z e r o - f i e l d c o n d i t i o n , the f i e l d must 
a c t u a l l y be reversed i n each c y c l e , and i f a t any stage there i s not complete 
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the 3 - f o l d c o i n c i d e n c e -rates between the t h r e e s c i n t i l l a t i o n c o u n t e r s w h i c h , 
a s e x p e c t e d , are seen to r i s e a s the f i e l d d e c r e a s e s due to the r e d u c i n g 
l o s s o f l o " momentum p a r t i c l e s ivhich are normal ly bent c u t o f t h e acceptance 
volume o f the i n s t r u m e n t . F i g u r e 7.1 shows the measured f i e l d a s a f u n c t i o n 
o f e n e r g i s i n g c u r r e n t , the p o i n t a t 25 amp3 b e i n g o b t a i n e d s imply by r e d u c i n g 
the c u r r e n t i n one c y c l e fron; ^0 to 25 amps, i n a s e p a r a t e measurement. 
The dashed l i n e i.;> a f i t by eye to the measured p o i n t s . F i g u r e 7.2 shows 
the measured 3 - f o l d r a t e s , p l o t t e d r e l a t i v e to the z e r o - f i e l d r a t e , a s a 
f u n c t i o n o f magnet ic f i e l d . The dashed l i n e i n t h i s c a s e i s a t h e o r e t i c a l 
e s t i m a t e based on c a l c u l a t i o n s o f the acceptance o f the three s c i n t i l l a t i o n 
c o u n t e r s a t reduced v a l u e s o f the f i e l d u s i n g the methods g i v e n i n Appendix 6, 
and i n t e g r a t i n g o v e r the i n c i d e n t momentum, s p e c t r u m . I t can be seen t h a t 
t h e r e i s good agreement w i t h e x p e c t a t i o n , w h i c h l e n d s suppor t both to the 
method o f c a l c u l a t i n g the a c c e p t a n c e s , and to the raeaauresients o f the magnet ic 
f i e l d s . E x a m i n a t i o n o f f i g u r e 1.2 s h o v - s t h a t even r r i t h a f i e l d o f ~ 2kCi the 
r a t e i s only - 2 ; ' h e l o Y ? t h a t o f the z e r o - f i e l d r a t e . I t i s c o n s i d e r e d tha.t 
the f i n a l f i e l d i s much l e s s than 2 kG and very c l o s e to t r u e a e r o , consequent ly 
the t r u e z e r o - f i e l d r a t e w i l l be measured to w i t h i n a f r a c t i o n o f a p e r c e n t . 
Support f o r the f i e l d b e i n g z e r o i s o b t a i n e d from the RUBI d i s t r i b u t i o n s 
o f the d a t a from the momentum s e l e c t o r t r a y s . The sum o f the f i r s t two 
o f these d i s t r i b u t i o n s , a f t e r the f i e l d had been comple te ly r e d u c e d , i s 
shown i n f i g u r e 7.3» which a l s o shows a t h e o r e t i c a l e s t i m a t i o n based upon 
a 1-Tonte C a r l o s i m u l a t i o n o f p a r t i c l e s through the s p e c t r o g r a p h wi t i i t h e i r 
c o r r e c t input momentum spec trum, and i n c l u d i n g the e f f e c t s o f m u l t i p l e 
s c a t t e r i n g . C l e a r l y t h e r e i s good agreement, and the f a c t t h a t there i s no 
apparent d i v i s i o n i n t o p o s i t i v e and n e g a t i v e c h a r g e s , wh ich v o u l d m a n i f e s t 
i t s e l f a s s p l i t t i n g o f the peak o f the d i s t r i b u t i o n , l e a d s to the c o n c l u s i o n 
t h a t the f i e l d i s v e r y s m a l l , and hence the observed r a t e s are the t r u e 
z e r o - f i e l d r a t e s . 
7.3 Measurement o f the E f f i c i e n c y o f the S c i n t i l l a t i o n C o u n t e r s 
One o f the key p a r a m e t e r s i n the measurement o f an a b s o l u t e v a l u e o f 
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the i n t e n s i t y i s the e x a c t e f f i c i e n c y o f d e t e c t i o n o f e v e n t s , i n t h i s case 
p.. knowledge o f the s c i n t i l l a t i o n c o u n t e r e f f i c i e n c i e s . I n the p r e v i o u s 
exper iment these e f f i c i e n c i e s were c a l c u l a t e d , by examining the pul3e h e i g h t 
d i s t r i b u t i o n s from the c o u n t e r s , and e s t i m a t i n g how many r e a l e v e n t s were 
b e i n g r e j e c t e d by the d i s c r i m i n a t o r s , through which the p u l s e s from the 
c o u n t e r s were pas?ed b e f o r e b e i n g put i n t o c o i n c i d e n c e . I n the yjresent 
exper iment a more d i r e c t method has been adopted namely u s i n g an e x t r a 
s m a l l s c i n t i l l a t i o n c o u n t e r i n such a p o s i t i o n t h a t the p a r t i c l e s p a s s i n g 
through the s m a l l c o u n t e r and the o t h e r two main c o u n t e r s would a l s o p a s s 
through the c o u n t e r under t e s t . The d imens ions o f the s m a l l s c i n t i l l a t i o n 
c o u n t e r were 55 x 68 cm. compared w i t h 176 x 75 cm. f o r the main c o u n t e r s , 
and consequent ly i t was p o s s i b l e to study t h r e e r e g i o n s a l o n g the l e n g t h 
o f each c o u n t e r , known ars the n o r t h , c e n t r e , and south r e g i o n s . The p o s i t i o n s 
used f o r the s m a l l s c i n t i l l a t i o n counter were d i r e c t l y below the upper and 
middle c o u n t e r s f o r measurements on the upper and middle l e v e l s r e s p e c t i v e l y , 
and above the l o w e s t c o u n t e r f o r measurements a t t h i s l e v e l , the reason 
f o r t h i s l a t t e r b e i n g t h a t t h e r e i s no space below the l o w e s t c o u n t e r , and 
c a r e wa.s taken to a r r a n g e the p o s i t i o n o f the s m a l l c o u n t e r such t h a t 
^ a r t i c l e s cou ld not pass through the s m a l l c o u n t e r and the o t h e r two 
c o u n t e r s , and m i s s the l owes t one. 
The e x p e r i m e n t a l arrangement i s shown i n f i g u r e 7.4> i n t h i s ca se 
f o r the examinat ion o f the c e n t r e r e g i o n o f Hie middle s c i n t i l l a t i o n c o u n t e r . 
As can be s e e n , the 3 - f o l d c o i n c i d e n c e r a t e between the o t h e r two c o u n t e r s 
( t h e upper and l o w e r ) and the s m a l l c o u n t e r , t o g e t h e r w i t h the t o t a l 4 - f o l d 
c o i n c i d e n c e r a t e i s measured. The i n e f f i c i e n c y o f the r e g i o n under t e s t 
i s then g iven by the d i f f e r e n c e i n these c o i n c i d e n c e r a t e s , s i n c e each 
p a r t i c l e p r o d u c i n g a J - f o l d c o i n c i d e n c e must a l s o have passed through 
the f o u r t h c o u n t e r . The d i s c r i m i n a t o r s e t t i n g s used i n t h i s p a r t o f the 
exper iment were the same as those used i n the a c t u a l f i n a l measurement o f 
the main 3 - f o l d r a t e . T a b l e 7.2 shows the r e s u l t s o f t h i 3 procedure f o r 
a l l t h r e e r e g i o n s o f each s c i n t i l l a t i o n c o u n t e r . 
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Combining the t h r e e average e f f i c i e n c i e s a t each l e v e l one f i n d s t h a t 
the o v e r a l l e f f i c i e n c y o f the s c i n t i l l a t i o n c o u n t e r system i s (0.894+0.002), 
most o f the i n e f f i c i e n c y a r i s i n g from the top c o u n t e r . 
7.4 Measurement o f the 5 - f o l d C o i n c i d e n c e ilate 
Measurement o f the 5 - f o l d r a t e between the t h r e e main s p e c t r o g r a p h 
s c i n t i l l a t i o n c o u n t e r s was made u s i n g the s p e c t r o g r a p h c o i n c i d e n c e u n i t 
( a s d e s c r i b e d by A y r e , 1971) and a s c a l e r c a p a b l e o f c o u n t i n g r a t e s f a r 
i n e x c e s s o f those observed i n the p r e s e n t exper iment ( ~ 2 s •*'). I n s h o r t , 
•pulses from the p h o t o m u l t i p l i e r n a t t a c h e d to the s c i n t i l l a t o r s (shov.n 
s c h e m a t i c a l l y i n f i g u r e 2 . 4 ) are a m p l i f i e d .and passed through d i s c r i m i n a t o r s , 
the o u t p u t s o f v.hich a r e f e d i n t o a. t h r e e - f o l d c o i n c i d e n c e g a t e . 
D a t a "vva.?. c o l l e c t e d d u r i n g the months o f J a n u a r y and February 1973, 
and t o g e t h e r w i t h the 5 - f o l d c o i n c i d e n c e r a t e s , the a tmospher i c p r e s s u r e , 
r e c o r d e d on a b a r o g r a p h , was measured. F o r the t i m i n g o f the r u n s a mains 
r e g u l a t e d d i g i t a l c l o c k was used , which i s v e r y a c c u r a t e over the p e r i o d s 
used, i n the e x p e r i m e n t . T a b l e 7.5 summarises the d a t a c o l l e c t e d . F i g u r e 7.5 
shows the observed 5 - f o l d c o i n c i d e n c e r a t e s a s a f u n c t i o n o f p r e s s u r e , and 
a l s o the r e s u l t s o f combining the p o i n t s i n p r e s s u r e ranges o f ^ITATI Hg. I n 
the paper p r e s e n t e d a t the Denver Conference (Ayre e t a l . , 1973) "the r a t e 
•was quoted as 28.55+0.20 min"^" a t "J60 mm i lg , and was e s t i m a t e d from the 
raw e x p e r i m e n t a l d a t a , the e r r o r be ing a c o n s e r v a t i v e e s t i m a t e c o n s i d e r i n g 
the s i z e o f the e r r o r s and the spread of the d a t a . I n the p r e s e n t work 
the mean v a l u e o f the r a t e , a t the mean p r e s s u r e i s t a k e n , be ing 23.57+0.04 
min ^ a t 754 mm Hg. E x a m i n a t i o n o f f i g u r e 7.5 a l s o shows t h a t there i s a 
s t r o n g dependence o f the r a t e upon p r e s s u r e , and assuming a l i n e a r r e l a t i o n -
s h i p between the two, the p r e s s u r e c o e f f i c i e n t i s seen to be ~ - 0 . 1 ; ' p e r 
mm Hg. 
7.5 A b s o r b i n g M a t e r i a l i n the '-uon ?>eam 
The g r e a t e s t p r o p o r t i o n o f the a b s o r b i n g m a t e r i a l ( ~99;0 i s "the i r o n 
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o f the magnet.*;. T h i s i s found from the d imens ions and we ight s o f the i n d i v i d u a l 
p l a t e s c o m p r i s i n g the magnet b l o c k s to amount to a t o t a l o f 3375+20 cm""^  
the e r r o r coming from the quoted t o l e r a n c e by the s u p p l i e r on each p l a t e . 
T h i s f i g u r e i s c o n s i s t e n t v.-ith the f a c t t h a t the h e i g h t o f the magnet 
b l o c k s d e c r e a s e from 125.0 cm f o r the upper to 123.2 cm f o r the l o w e r . 
The t o t a l f i g u r e above, assuming a d e n s i t y o f i r o n o f 7.90 gm cm ^, g i v e s 
a b l o c k h e i g h t o f 122.6 cm which i s c l o s e to t h a t o f the lower b l o c k , 
which i s t h e r e f o r e v i r t u a l l y f u l l y compressed by the mass above i t . 
O t h e r a b s o r b i n g m a t e r i a l s p r e s e n t are the s c i n t i l l a t i o n c o u n t e r s , the 
copper c o i l s o f the magnet w i n d i n g s , and the momentum s e l e c t o r t r a y s . The 
amounts o f a b s o r b e r c o n t a i n e d i n these have been c a l c u l a t e d from t h e i r 
d imens ions and r e s p e c t i v e d e n s i t i e s , and t a b l e 7.^ summarises the t o t a l 
amount o f a.bsorber p r e s e n t . 
E lement M a t e r i a l T h i c k n e s s (gm c;n ") 
I.-a.gnet B l o c k s Fe 3-375+20 
S c i n t i l l a t i o n 
C o u n t e r s 
A l 
Wel02A 13 
f.'agnet C o i l s Cu 22 
Momentum S e l e c t o r 
T r a y s 
A l 
Glas.°. 17 
TOTAL 3927+ 20 
T a b l e 7.If 
The V a r i o u s Contr ibut ion . - ; to the T o t a l Amount o f Absorbers 
The energy I 0 3 3 c u r v e s o f S t e m h e i m e r (1956) f o r i o n i s a t i o n l o s s , and 
and Hayroan and 7 /o l fendale (1963), c o n v e r t e d from r o c k to i r o n , f o r p a i r 
p r o d u c t i o n , b r e r n s s t r a h l u n g , and n u c l e a r l o s s e s , have been used to c o n v e r t 
the t o t a l amount o f a b s o r b e r i n t o a momentum t h r e s h o l d . (The d i s t i n c t i o n 
between momentum and energy a t these e n e r g i e s i s n e g l e c t e d . ) f i g u r e 7.6 
shows the range-momentum r e l a t i o n c a l c u l a t e d from above s o u r c e s , i n the 
3900 4000 4100 
Range in Iron grn cm"^ 
F IGURE 7-6 The Range-Momentum Relation in Iron 
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r e g i o n o f 4000 grp. C . T , . N e g l e c t i n g the e f f e c t o f f l u c t u a t i o n s i n energy 
l o s s , which v ; i l l be i n s i g n i f i c a n t a t these e n e r g i e s , and assuming t h a t the r a n r e -
momentum r e l a t i o n i s the same f o r o t h e r t y p e s o f a b s o r b i n g m a t e r i a l 
a s i t i s f o r i r o n , which aga in w i l l i n t r o d u c e n e g l i g i b l e e r r o r , the c u t - o f f 
momentum f o r $375 gro era e' i s 7.01 L - e V / c , shown by the arrow i n f i g u r e 7 .6 . 
The second arrow i s shown a t the e f f e c t i v e amount o f a b s o r b i n g m a t e r i a l 
a f t e r c o r r e c t i o n f o r i n s t r u m e n t a l e f f e c t s a s d i s c u s s e d i n the n e x t s e c t i o n . 
i 
7.6 C o r r e c t i o n s due to I n s t r u m e n t a l E f f e c t s 
7.6.1 L i u l t i n l c Coulomb S c a t t e r i n g 
M u l t i p l e coulomb s c a t t e r i n g c a u s e s two e f f e c t s : 
( a ) ' i t c a u s e s the p a r t i c l e to execute a ' z i g - z a g ' motion i n the i r o n , 
i n c r e a s i n g the e f f e c t i v e path l e n g t h , and hence i n c r e a s i n g the e f f e c t i v e 
c u t - o f f momentum. 
( b ) p a r t i c l e s can be s c a t t e r e d i n o r out o f the g e o m e t r i c a l acceptance o f 
the s c i n t i l l a t i o n c o u n t e r s hence n e c e s s i t a t i n g a c o r r e c t i o n to the measured 
3 - f o l d r a t e . 
E a c h o f t h e s e i s c o n s i d e r e d i n t u r n , 
(a.) ' Z i g - Z a g ' i ' o t i o n . 
T h i s has been s t u d i e d by K o e n i g ( 1 9 4 ° ) who g i v e s an e x p r e s s i o n f o r the 
e f f e c t i v e i n c r e a s e i n p a t h l e n g t h o f p a r t i c l e o f momentum p Q j u s t p e n e t r a t i n g 
an a b s o r b e r a s : 
C da d(p/u) AH i 2 d[pAT5 
( I ± Z - , 2 a ] l o g 
(P)J e she re rn 
and K=l&nMe l o g 
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I n t h i n e x p r e s s i o n ii i s the range as a f u n c t i o n o f momentum p , | i and | i c a r e 
the masses o f trie rnuon and. e l e c t r o n r e s p e c t i v e l y , K i s Ava-gadro's number, 
r i n the c l a s s i c a l e l e c t r o n r a d i u s , and Z and A are the atomic number 
and atomic mass o f the a b s o r b i n g m a t e r i a l . S u b s t i t u t i n g n u m e r i c a l v a l u e s 
f o r the c o n s t a n t s , and u a i n g the range-momentum r e l a t i o n g iven i n the 
p r e v i o u s s e c t i o n one f i n d s t h a t f o r a 7 GeV/c muon j u s t a b l e to p e n e t r a t e 
an i r o n a b s o r b e r , the i n c r e a s e i n path l e n g t h i s 0.87s. Thus the amount 
o f a b s o r b e r must be i n c r e a s e d by t h i s amount to a l l o w f o r the e f f e c t , 
( b ) S c a t t e r i n g I n and Out o f the Acceptance 
P a r t i c l e s w h i c h , i n the absence o f m u l t i p l e s c a t t e r i n g ( i . e . s t r a i g h t 
l i n e t r a j e c t o r i e s ) would be a c c e p t e d by the t h r e e s c i n t i l l a t i o n c o u n t e r s 
have a p r o b a b i l i t y o f b e i n g s c a t t e r e d out and m i s s i n g e i t h e r the middle 
a n d / o r the l ower s c i n t i l l a t i o n c o u n t e r s . C o n v e r s e l y , p a r t i c l e s vshich would 
have been o u t a i d e the geometry d e f i n e d by the c o u n t e r s csn be s c a t t e r e d 
i n . The ne t r e s u l t o f t h i s c o m p e t i t i o n between s c a t t e r i n g i n and s c a t t e r i n g 
out n e c e s s i t a t e s a c o r r e c t i o n to the observed 3 - f o l d r a t e . 
I n o r d e r to c a l c u l a t e the s c a t t e r i n g e f f e c t s , i n i t i a l l y a two di i : iens ioual 
computer model o f the t h r e e s c i n t i l l a t i o n counter** and the magnet b l o c k s 
was s e t up . P a r t i c l e s i n c i d e n t i n the v e r t i c a l d i r e c t i o n were c o n s i d e r e d 
and Tie re f o l l o w e d through s t e p by s t e p i n c l u d i n g the e f f e c t s o f energy 
l o s s and o f m u l t i p l e s c a t t e r i n g , a s o u t l i n e d i n Appendix C . Two d i s t r i b u t i o n s 
were c a l c u l a t e d from t h e s e s i m u l a t i o n s a t g i v e n momenta: 
( i ) the l a t e r a l d i s t r i b u t i o n a t the l ower l e v e l around the p o i n t a t which 
the p a r t i c l e s would have been i n c i d e n t w i t h o u t the e f f e c t o f s c a t t e r i n g . 
( i i ) the l a t e r i a l . d i s t r i b u t i o n a t the middle l e v e l around the l i n e j o i n i n g 
the o u t e r t.vo c o - o r d i n a t e s (upper and lower l e v e l s ) o f each i n d i v i d u a l 
t r a c k i n the s i m u l a t i o n . 
Both these d i s t r i b u t i o n s are found to be gaussic-n w i t h s t a n d a r d 
d e v i a t i o n s gm and g- r e s p e c t i v e l y , shown i n f i g u r e 7.7 a s f u n c t i o n s o f 
i n c i d e n t momentum. The e x p e r i m e n t a l p o i n t s a r e the r e s u l t s o f the computer 
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FIGURE 7-7 The Scattering Standard Deviations (^ m &©-i ) a s a 
Function of Momentum 
1 0 6 
c o n s i d e r i n g the i r o n a l o n e , t a k i n g a mean v a l u e f o r the momenta i n the 
s p e c t r o g r a p h , and u s i n g the e x p r e s s i o n g i v e n by i'toasi and G r e i s e n ( i '942) 
f o r the s tandard d e v i a t i o n s . As would be e x p e c t e d , the e f f e c t o f the gaps 
between the magnet b l o c k s i s to broaden the d i s t r i b u t i o n s , n e g l e c t i n g the 
e f f e c t o f the i n c r e a s e i n path l e n g t h , these d i s t r i b u t i o n s may be c o n s i d e r e d 
a p p l i c a b l e to a l l a n g l e s o f i n c i d e n c e . Two p l a n e s p e i - p e n u i c u l a r to each 
o t h e r were c o n s i d e r e d and the s c a t t e r i n g i n each taken to be. independent . 
The f r o n t p lane i s d e f i n e d as t h a t plane a t r i g h t a n g l e s to the f l a s h tuoos , 
( i . e . a s c i n t i l l a t i o n c o u n t e r width o f 75 cm } , and. the s i d e p lane i s 
p a r a l l e l to the f l a s h t u b e s , ( i . e . a c o u n t e r width o f 176 cm ) . I n o r d e r 
to compute the p r o b a b i l i t y o f b e i n g a c c e p t e d by the s c i n t i l l a t i o n c o u n t e r s , 
f o r a g i v e n a n g l e , a t r e b l e i n t e g r a t i o n has to be performed over the 
r e s p e c t i v e w id ths o f the t h r e e c o u n t e r s . T h i s can be e x p r e s s e d , f o r the 
f r o n t r>lane 3.3 : 75 r-
P S 1 1 
2rt OrrF. 
0 
7 . 2 . 
where x^, x^, and x^ a r e the c o - o r d i n a t e s a t the top, m i d d l e , and lower 
l e v e l s r e s p e c t i v e l y . A s i m i l a r e x p r e s s i o n e x i s t s f o r the s i d e p l a n e , but 
w i t h the 75" s rep laced , by 1 7 6 ' s , the s t a n d a r d d e v i a t i o n s , ( X m and 0"^  , hoviever, 
r e m a i n i n g the same. 
S o l v i n g the i n t e g r a l 7 .2 n u m e r i c a l l y g i v e s the p r o b a b i l i t i e s o f p a r t i c l e s 
o f a g i v e n momentum b e i n g a c c e p t e d as a. f u n c t i o n o f a n g l e , f i g u r e s 7.t> 
and 7 . 9 show the r e s u l t s f o r momenta o f 7 . 5 and 10 G e V / c f o r both the f r o n t 
and s i d e p l a n e s . Also shown are the p r o b a b i l i t i e s e x p e c t e d f o r p a r t i c l e s 
w i t h i n f i n i t e momentum, ( i . e . h a v i n g no m u l t i p l e s c a t t e r i n g ) , and as would 
be e x p e c t e d the s c a t t e r i n g i s much more e v i d e n t i n the f r o n t p l a n e , a s the 
d iment ions are s m a l l e r w h i l s t the s c a t t e r i n g d e v i a t i o n s are c o n s t a n t i n 
both p l a n e s . I n t e g r a t i o n o f these c u r v e s over the i n c i d e n t a n g l e , $ , 
and comparison w i t h t h a t e x p e c t e d from i n f i n i t e momentum, g i v e s the n e t 
p r o b a b i l i t y o f b e i n g ' l o s t ' due to m u l t i p l e s c a t t e r i n g as shown i n f i g u r e 
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F IGURE 7-10 The Overall Probabilities of Being "Lost" d 
to Multiple Scattering. 
1 0 7 
p l a n e . Averag ing over the i n c i d e n t momentum spectrum g i v e s an average n e t 
I o n s i n the f r o n t p lane o f 0.75',"' and i n the s i d e p lane o f 0.20;-", t h i s 
amounting to a t o t a l n e t l e s s due to s c a t t e r i n g o f 0.95r'• I t 1 3 oe 
noted, t h a t t h i s i s very s m a l l , c o n s i d e r i n g the l a r g e amount o f i r o n i n the 
s p e c t r o g r a p h , which i s due to an a lmos t e q u a l number o f e v e n t s b e i n g s c a t t e r e d 
i n and out o f the a c c e p t a n c e . 
7 .6.2 M o n - V e r t i c a l Angles o f I n c i d e n c e 
P a r t i c l e s t r a v e r s i n g the s p e c t r o g r a p h w i t h n o n - v e r t i c a l a n g l e s o f 
i n c i d e n c e •oa.n-a through a g r e a t e r t h i c k n e s s o f a b s o r b e r than c a l c u l a t e d i n 
s e c t i o n 7.5 and hence have a h i g h e r c u t - o f f momentum. The s i t u a t i o n i s 
shov;n i n f i g u r e 7.11 ( a ) , and c o n s i d e r i n g f i r s t the f r o n t p l a n e , the path 
l e n g t h a t an angle ^ , to the v e r t i c a l i s g iven by h / c o s ^ , v;here h i s the 
v e r t i c a l s e p a r a t i o n between the s c i n t i l l a t i o n c o u n t e r s . I n t e g r a t i n g o v e r 
a l l a n g l e s o f i n c i d e n c e weighted by t h e i r r e l a t i v e a c c e p t a n c e p r o b a b i l i t i e s 
as g i v e n i n Appendix B , and l e t t i n g be the w i d t h o f the s c i n t i l l a t o r s 
we f i n d : 
/
imax 
— = ( w . c o s d - hs in .3) Kean Pa th L e n g t h JQ ^ T j j ''''-, c o s d  sin-&) d& 
i n f r o n t p l a n e . r^lmax , . 
"l^max* n l ° g e ( c o a ^ l m J 
w l S i n - & l m a x - hCl-cos-atTax) 
= t a n " 1 
7.3 
S u b s t i t u t i o n o f n u m e r i c a l v a l u e s f o r w^ ( =75 c m . ) and h ( = 649.6 cm. ) 
g i v e s the mean path l e n g t h as l . G O l x h , and a s i m i l a r c a l c u l a t i o n f o r the 
s i d e p lane g i v e s the mean path l e n g t h a s l . O O b x h . The combinat ion o f the 
two mean path l e n g t h s i n the f r o n t and s i d e p l a n e s i s i l l u s t r a t e d i n f i g u r e 
7.11 ( b ) , where i t can be shown t h a t the o v e r a l l mean path l e n g t h d i s 
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FIGURE 7-11 The Notation used in Calculating the Mean Path Length due to 
Non-Vertical Angles of Incidence. 
2 2 2 ? d = d * + d . - h~ s f 
P u t t i n g the va lues f o r the mean pa th l eng ths i n the f r o n t (d^.) and side 
(d^ ) planen v;e see t h a t the mean path l e n g t h i s 1.007xh i . e . an increase 
o f 0.7"'. Consequently the amount o f absorb ing m a t e r i a l must be increased 
by t h i s amount. 
7.6.5 A i r Shower T r i g g e r s . 
Large a i r showers can cause pulses i n a l l th ree s c i n t i l l a t i o n coun te r s , 
hence s i m u l a t i n g the passage o f a muon. T y p i c a l events photographed u s ing 
the f l a s h tubes i n the measuring t r a y s have been scanned and i t i s seen 
t h a t the r a t e o f occurence o f such showers i s ~1;». The e r r o r on t h i s i s 
considered to be q u i t e l a r g e ( - 0 . 5 ? ) due to the o b j e c t i v e na ture o f assessing 
whether such events were aocompanied by muon3 which would have t r i g g e r e d 
the apparatus , o r whether or no t the shower i t s e l f would have a c t u a l l y 
caused t r i g g e r i n g . A downward c o r r e c t i o n o f 1.0+0.5/'. has t h e r e f o r e t o be 
a p p l i e d to the observed 3 - f o l d r a t e . 
7.6.4. Short Fulses i n the Coincidence U n i t 
The pulses which are a c t u a l l y put i n coinc idence i n the coinc idence 
gate are on ly - 0 . 1 \xs i n l e n g t h , consequently there i s some lo s s o f events 
due to v a r i a t i o n s i n the a r r i v a l t imes o f these pu lses a t the ga t e . Th i s 
was t e s t e d u s i n g a separate coincidence c i r c u i t employing 2 \is pulses a t 
coincidence and the r a t e w i t h t h i s was found t o be 1.06;' h i g h e r than w i t h 
the main co inc idence u n i t . For t h i s reason an upward c o r r e c t i o n o f t h i s 
magnitude must be a p p l i e d t o a l l the r a t e s measured w i t h the main co inc idence 
u n i t . 
7.6.5 Random Coincidences 
The c o u n t i n g r a t e s o f the i n d i v i d u a l s c i n t i l l a t i o n counters i s 
-340 sec \ and the r e s o l u t i o n o f the coinc idence arrangement i s - O . l p s , 
which g ives a random 3 - f o l d coinc idence r a t e o f ~10~^ sec"^" which has 
consequent ly been neg l ec t ed . 
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7.6.6 Summary o f A l l Correct .Ions 
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C o r r e c t i o n to C o r r e c t i o n to 
Observed l iate "'• Absorber Thickness $ 
M u l t i p l e S c a t t e r i n g + 0.95 + 0 . c3 
Kon-Ver t ica . l Inc idence — + 0.7 
S.A.3 . T r i g g e r s - 1.00 — 
Coincidence U n i t + 1.06 — 
TOTALS + 1.01 + 1.50 
Table 7.5 
Summary o f a l l C o r r e c t i o n s . 
Table 7.5 summarises a l l the c o r r e c t i o n s vrhich have to be made t c the r a t e 
and to the absorber t h i c k n e s s . The t o t a l r a t e a f t e r c o r r e c t i o n f o r the 
above e f f e c t s i s thus 20.86 min"^" and the e f f e c t i v e amount o f absorber i s 
3933 S111 c m which from f i g u r e 7 .6 i s seen to correspond to a mean c u t -
o f f momentum o f 7.12 GeV/c, a.s shovm by the second arrow i n - t h a t f i g u i ' e . 
7.7 The F i n a l Rate 
Combining the observed r a t e , c o r r e c t e d as above, w i t h the s c i n t i l l a t i o n 
counter e f f i c i e n c y o f 0.394i and the o v e r a l l acceptance o f 408cm s r as 
g iven i n Appendix 3 , the measured muon r a t e above 7.12 GeV/c i s ( 1 . 3 1 9 + p . O l l ) 
-3 - 1 -2 - 1 
x 10 s cm s r .where the e r r o r i s a combinat ion o f a l l the sources 
o f e r r o r and amounts to 0.8';'. T h i s i s f o r a mean pressure o f 754 rain ±"*ts. 
7.8 Discuss ion 
I t can be seen t h a t the present r e s u l t agrees very >vell w i t h the p rev ious 
!.!ARS r e s u l t (1 .31+0.02x10"-' s" cm" "sr" ) a t the same value o f momentum, 
and hence suggests t h a t bo th o f the p rev ious r e s u l t s were c o r r e c t . F igure 
7.12 shows a summary o f recen t absolute i n t e n s i t y measurements between 
1 GeV/c and 10 GeV/c. The p o i n t s o f the Nott ingham workers (Crookes and 
1 I I J 1 1 1 1 
4 Allkofer cl a\. (1970) _ 
• Crookes& RastindSTI) 
a Previous MARS point ~ 
at 3-4 0 GzWc 
Present result and 
previous MARS result 
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ACD Spectrum 
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Jokisch 1972 
extrapolation of present 
momentu tum sp 
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FIGURE 7-12 Recent Absolute Determinations of the 
Integral Spectrum between 1 & 10 GeV/c. 
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H a s t i n , 1971) and the K i e l p o i n t ( A l l k o f e r e t a l . , 1970) have been taken 
from the summary by A l l k o f e r and J o k i s c h (1972), as a lso has the i n t e g r a l 
form f i t spec t r a o f De e t a l . (1972). Also shown are the p rev ious t'.vo 
S~*ARS p o i n t s and the present r e s u l t s ( the two 7.12 GeV/c measurements being 
shown a t the same p o i n t as they viere i n agreement) , t oge the r w i t h the 
ACD spectrum ( A l l k o f e r e t a l . , 1971) the e x t r a p o l a t i o n o f the present 
measurement o f the spectrum as g iven i n chapter 5 o£ t h i s t h e s i s . As can 
be seen a l l the r e s u l t s agree f a i r l y w e l l i n the r eg ion o f 1 GeV/c v/here 
the value o f the i n t e n s i t y has been con f i rmed i n seve ra l o t h e r experiments 
below t h i s momentum ( e . g . Ashton e t a l . , 1972). Above 1 GeV/c there i s 
divergence o f the r e s u l t s , the ACD spectrum g i v i n g the h i g h e s t i n t e n s i t i e s 
and the e x t r a p o l a t i o n ' f rom the present work the lov?est. The form f i t o f 
De e t a l . , as quoted by A l l k o f e r and J o k i s c h , l i e s i n between the two 
s p e c t r a . I n f a c t the e x t r a p o l a t i o n o f the presen t work was a lso based on 
t h i s form f i t , which was o r i g i n a l l y made by De e t a l . to r ecen t absolu te 
d i f f e r e n t i a l p o i n t s , and gave a d i f f e r e n t i a l i n t e n s i t y 107-i l e s s than the 
ACD spectrum a t 10 GeV/c. I n p roduc ing t h e i r i n t e g r a l f rom f i t , A l l k o f e r 
and J o k i s c h have taken the ACD spectrum t o be c o r r e c t above 10 GeV/c, 
whereas i n the present work the i n t e n s i t y above 10 GeV/c i s 10/. l e s s than 
the ACD spectrum, hence the divergence o f the two i n t e g r a l spec t ra c a l c u l a t e d 
b a s i c a l l y f rom the same source. 
As can be seen the present r e s u l t s agree very w e l l w i t h the e x t r a p o l a t i o n 
o f the V.ARS spectrum vrhich a lso agrees K i t h the e s t a b l i s h e d values a t 1 GeV/c. 
The Nottingham r e s u l t s however suppor t the AUD spectrum, bu t cou ld p o s s i b l y 
be i n e r r o r as they were underground measurements, and hence r e l y on an 
accurate knowledge o f the t e r r a i n above the d e t e c t o r . C l e a r l y more measure-
ments are needed i n t h i s r eg ion be fo re any f i r m conc lus ions can be made. 
However c o n s i d e r i n g the present v.'ork alone there i s a c o n s i s t e n t p i c t u r e 
o f the spectrum f rom ~1 GeV/c to nea r ly 1000 GeV/c i n which the measurements 
o f the d i f f e r e n t i a l spectrum above 20 GeV/c and the abso lu te i n t e n s i t y a t 
7.12 GeV/c are i n good agreement. As a f i n a l remark the on ly common f a c t o r s 
I l l 
between the two present exper iments , are the o v e r a l l acceptance (40b+2 crn^srj 
and the s c i n t i l l a t i o n counter e f f i c i e n c i e s (C.694+0.0U2), and i t i s thought 
t h a t these q u a n t i t i e s are knov.n s u f f i c i e n t l y w e l l to say t h a t the absolute 
h e i g h t o f the spectrum, bea r ing i n i&ind the consistency between the two 
r e s u l t s , i s c o r r e c t t o v . i t h i n a fev,- pe rcen t . 
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CHAPTER 8 
CONCLUSIONS AilD FUTURE iVCRX 
8.1 Conclusions 
The f i n a l conc lus ions are fundamenta l ly the same as those reached 
a t the end o f chapter 6. The present measurements o f the rnuon d i f f e r e n t i a l 
spectrum i n the range 20 OeV/c to 500 :ie7/c agree reasonably w e l l w i t h 
the measurements o f o the r recen t experiments (see f i g u r e 6.5)» though 
many o f the e a r l i e r r e s u l t s ( e . g . Ilayman and Y/ol fendale , 1962; Apple ton e t a l . , 
1971) g i v e a s teeper spectrum, p o s s i b l y due to i n s t r u m e n t a l b iases i n 
these da ta . 
An a t tempt to f i t an a l l p ion p r o d u c t i o n model , w i t h a cons tan t 
exponent p ion p r o d u c t i o n spectrum, as o u t l i n e d i n chapter 5 proved unsuccess-
2 
f u l , and a s imple X' t e s t showed the s i g n i f i c a n c e o f such a f i t to be 
less than 0.1;'-. Even \ r i t h the i n c l u s i o n o f kaons as a second source o f 
muons, the f i t s ob ta ined are poor (un less a very h i g h K / T T . r a t i o , -0 .6 , 
i s t a k e n ) . I t i s found t h a t a t the h i g h e r momenta (p^>70GeV' /c ) , the 
observed muon i n t e n s i t i e s are h i g h e r than those p r e d i c t e d by a f i t to the 
lower momenta d?,ta u s ing the model -with a cons tan t exponent (V ) , and 
consequently the best r e p r e s e n t a t i o n o f the present r e s u l t s i s ob ta ined 
when y i s a l lowed to increase v ; i t h momentum. I n p a r t i c u l a r a model c o n t a i n -
i n g tvro va lues o f y i s found, to f i t the data reasonably v r e l l , assuming a 
I ' / T T r a t i o o f 0.15 as i n d i c a t e d by the I . S . U . measurements a t Gliii i i , namely 
v f i t h Y= 2.6/J5 £or a muon momentum l e s s than. 70 CleV/c and V =2.56 f o r muons 
i n excess o f t h i s momentum. T h i s appears c o n t r a r y to the f i n d i n g s o f many 
o t h e r workers ( e . g . A U k o f e r e t a l . , 1971; Kandi and Sinha, 1972) who f i t 
a cons tan t Y » a l l p i ° n p r o d u c t i o n model to t h e i r measurements. Closer 
examinat ion o f t h e i r a c t u a l data r evea l s t h a t t h e i r exper imenta l p o i n t s 
tend to l i e above the f i t t e d curves a t h i g h momenta, ana hence suppor t the 
idea o f a. decrease i n the slope o f the p r o d u c t i o n spec t r a , .(see f i g u r e 
6.7). I t i s considered t h a t the reason these r ;orkers were able to f i t 
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such a model t o t h e i r data i s t h a t t h e i r s t a t i s t i c a l accuracy a t the h igher 
momenta was very poor , arid hence the f i t s are h e a v i l y weighted by the low 
momentum p o i n t s . 
'• ' ' i th regard to measurements made a t very h i g h energies ( i n d i r e c t 
measurements), i t i s found t h a t the e x t r a p o l a t i o n o f the present work 
above 500 GeV, v i h i l s t agree ing i n shape w i t h a recen t survey o f under-
ground, end underwater measurements by Wright (1973)» g ives h ighe r i n t e n s i t i e s 
above a rnuon energy o f 1000 GeV, than the data g iven i n a second survey o f 
a l l i n d i r e c t measurements above 300 GeV by Kg e t a l . (1975)• I f the spectrum 
g iven by the present work i s c o r r e c t then i t i s reasonable to assume t h a t 
i t s e x t r a p o l a t i o n up to a t l e a s t ~»80G GeV i s v a l i d , but a t energies much 
i n excess o f t h i s , the i n d i c a t i o n s are t h a t V must increase aga in , hence 
p r o d u c i n g ' t h e r e l a t i v e decrease i n the muon i n t e n s i t y necessary f o r agreement 
w i t h the h i g h energy i n d i r e c t measurements o f the muon spectrum. 
As po in ted o u t i n chapter 6, a decrease i n the slope o f the pr imary 
spectrum has r e c e n t l y been suggested by .Ydovczyk and Wolfendale (1973) i n 
an a t t empt to g i v e agreement between the recen t pr imary spectrum measure-
ments o f Ryan e t a l , (1972) and the E.A.S. measurements i n excess o f 
l O 1 ^ eV. The fo rmer i f e x t r a p o l a t e d f rom 1 0 1 2 eV to l O 1 ^ eV g ives too low 
i n t e n s i t i e s , and hence i t i s proposed t h a t the pr imary spectrum slope decrease 
t o a d i f f e r e n t i a l value o f 2.44 to a l l ow f o r t h i s . I f the theory o f s c a l i n g 
i s v a l i d , then the slope o f the pion p r o d u c t i o n spectrum should f o l l o w 
t h a t o f the p r imary spectrum, and consequently should decrease above 
12 15 10 eV and remain a t t h i s value to ~10 y eV. The decrease i n the s lope 
IP 
o f the p i o n p r o d u c t i o n spectrum a t ~10 ~ eV i s c o n s i s t e n t w i t h the present 
r e s u l t s , bu t i t s constancy a t the lower value i s i n c o n s i s t e n t w i t h the 
i n d i c a t i o n s , f rom i n d i r e c t measurements o f the muon spectrum, t h a t i t should 
increase again above - 1 0 ^ eV. This would imply the breakdown o f the 
theory o f s c a l i n g , and the present r e s u l t s would i n d i c a t e t h a t such a break-
down i s o c c u r r i n g a t p ro ton energies i n excess o f ~10 ' 'eV. however i t i s 
by no means c e r t a i n t h a t such a decrease i n slope o f the pr imary spectrum 
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e x i s t s , indeed the measurements o f the PiiOTGIj s a t e l l i t e s ( G r i g o r o v e t a l . , 
1971) suggest t h a t the slope remains constant ( - 2 . 7 ) f o r energies up to 
~10 eV. A l l t h a t can be remarked, i s t h a t the present r e s u l t s tend to 
suppor t the idea o f a decrease i n the s l ope . 
As regards the absolute h e i g h t o f the spectrum, there seems to be 
disagreement among many exper iments . The work o f the K i e l group ( A l l k o f e r 
e t a l . , 1971) g ive s a spectrurr. ( t h e i'lCD spectrum) -..hicii i s ~10/= h i g h e r than 
the present vrork a t 20 GeV/c, the d i f f e r e n c e decreasing w i t h i n c r e a s i n g 
momentum end i s 20;' belov; t h a t o f the present vrork a t 500 GeV/c. The AOD 
spectrui i i , however, i s a composite based upon the r e s u l t s f rom three magnet 
spectrographs and one range spec t rograph , and as exp la ined i n chapter 6, 
i t i s considered t h a t i n the r e g i o n above 1 GeV/c, i t may be too h i g h , and 
p o s s i b l y a b i a s e x i s t s i n the h i g h momentum spect rograph da ta due to the 
t r a c k f i t t i n g c r i t e r i a used. Consequently i t i s be l i eved t h a t the present 
r e s u l t s are i n agreement w i t h the da ta f rom the K i e l exper iments , but n o t 
T f i t h the ACD spectrum above 1 GeV/c. The spectrum o f B u r n e t t e t a l . (1973; 
g ives i n t e n s i t i e s ~22"' lower than those o f the present v.ork, however due to 
the na ture o f the d e r i v a t i o n o f t h i s spectrum, (combining da ta f rom d i f f e r e n t 
z e n i t h a n g l e s ) , i t i s u n c e r t a i n as to the v a l i d i t y o f the r e s u l t s , though 
they do agree i n shape very w e l l w i t h the present r e s u l t s . 
Fu r the r suppor t t h a t the presen t r e s u l t s are c o r r e c t i s a f f o r d e d by 
t h e i r e x t r a p o l a t i o n below 20 GeV/c where they are found t o j o i n q u i t e w e l l 
w i t h the form f i t o f De e t a l . (1972) a t ~7 GeV/c, and the i n t e g r a t i o n 
o f t h i s composite spectrum i s seen to agree i i i t h the absolu te r a t e i n t e n s i t i e s 
g iven i n chapter 7, and a lso v . i t h the p r ev ious absolute r a t e measurements 
w i t h the "ARS spec t rograph . 
The t o t a l sys temat ic e r r o r on the spectrum measurements i s seen, f rom 
chapter 4, t o range from -1.2'/ a t 20 GeV/c to -2 .9 / a t 500 GeV/'c, consequently 
i t i s cons idered t h a t the spectrum given i n chapter 6 as the comparison 
spectrum, which i nc ludes the present v,ork f when allowance i s made f o r both 
s t a t i s t i c a l and sys temat ic e r r o r s , i s c o r r e c t to -2 ; i a t 20 GeV/c end -10,-i 
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a t 500 GeV/c, and can reasonably be extended above t h i s energy to «-800 GeV/c 
u s ing the model g iven i n chapter 5« 
8 . 2 . Future '"ork 
C l e a r l y the spectrum measurements should be extended to h i g h e r momenta. 
Th i s i s be ing done a t present w i t h the h i g h r e s o l u t i o n system o f i.lAliS us ing 
the smal l diameter f l a s h tubes i n the measuring t r a y s , and s t o r i n g the 
data, on the 1130 computer, as o u t l i n e d i n chapter 2. Th i s system has an 
m.d.m. i n excess o f i)000 Gev'/c, and w i l l o v e r l a p the present measured 
spectrum i n the r eg ion 200 to 500 GeV/c, and "consequently any change i n the 
slope o f the p ion p r o d u c t i o n spectrum should be apparent . The present 
work i v i l l be u s e f u l i n t h a t i t T7 i l l p rov ide a n o r m a l i s a t i o n f o r t h i s h i g h 
energy spectrum which may o therwise be d i f f i c u l t to f i x due to r e j e c t i o n 
c r i t e r i a i n the computer a n a l y s i s programmes. 
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APPENDIX A 
THE TRAJECTORY OF TiUtouGk TrI2 LACiiiET .BLOCKS 
A charged p a r t i c l e moving i n a magnetic f i e l d i i (gauss) , i s s u b j e c t 
t o a f o r c e a t r i g h t angles to i t s d i r e c t i o n o f m o t i o n , caus ing i t , i n the 
absence o f energy l o s s , to move i n a c i r c u l a r o r b i t . I f p ( eV/c ) i s the 
momentum o f the p a r t i c l e ( o f s i n g l e charge) then the r a d i u s o f cu rva tu re 
o f t h i s o r b i t , r ( c m ) , i s g iven by : 
r -
300 J? 
For the present s i t u a t i o n w i t h B = 16.3 kG, aiid changing p to iv'.eV/c we have: 
r = 0.2045 ? A .2 . 
Thi s equa t ion has been used throughout the present work to c a l c u l a t e 
r a d i u s o f cu rva tu re o f the p a r t i c l e s i n the magnetic f i e l d . 
Consider f i g u r e A . l . , which represen ts a l a y e r o f magnatised i r o n o f 
t h i cknes s h , i n which the muon w i l l be assumed to have a cons tan t momentum, 
the r a d i u s o f curva. ture , r , hence being d e f i n e d by equa t ion A.2. I f £ i s 
the i n c i d e n t angle as p o i n t A, and «* the change i n angle a t p o i n t 13, as i n 
f i g u r e A . l . , then we have : 
Chord AB = 2 r s i n ^ A.3> 
and a lso 
h = Chord AB x cos ( $ - *^) A. 4-





( 8 - a ) . 




which can be solved, f o r ex. g i v i n g : 
^ . - 1 / h o« = s i n ( — -v r s i n d ) A . 6 . 
S i m i l a r l y f o r the opposi te s ign o f bending o< can be shown to be g iven 
. . - 1 / n oC = s i n ( — r + s i n • & ) - • & A. 7. 
The l a t e r a l d i s p l a c e n t d f rom p o i n t A to p o i n t i> i s t h e r e f o r e g iven by : 
I f the rnuon s u f f e r e d no energy l o s s then the w i d t h h c o u l d be taken as the 
f u l l w i d t h o f the b l o c k s , and the p o s i t i o n and angle o f emergence from the 
b lock cou ld be c a l c u l a t e d from the above equa t ions , and a knowledge o f the 
i n c i d e n t angle and p o s i t i o n . To a l low f o r energy los s the b lock i s d i v i d e d 
i n t o a number o f l a y e r s ( u s u a l l y ~ 50) atid the momentum assumed to be cons tan t 
i n each. The p a r t i c l e i s then t r a c e d through the b lock l a y e r by l a y e r a t 
each step a p p l y i n g the above equat ions to f i n d the angles and p o s i t i o n s a f t e r 
each l a y e r and s u b t r a c t i n g the r e l e v a n t ajiiount o f energy los s depending 
upon the momentum o f the p a r t i c l e (see f i g u r e 5 .2 . ) . Th i s method has been 
used e x t e n s i v e l y to i n v e s t i g a t e the i n s t r u m e n t a l biases i n the s p e c t r o -
graph , and to c a l c u l a t e the r e l a t i o n s h i p between momentum and d e f l e c t i o n . 
d = h t an ( 3 A . 8 . 
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APPENDIX S 
CALCULATION 07 TIIE SPECTROGRAPH ACCJSPTANCS 
By d e f i n i t i o n , the acceptance o f the spectrograph i s t h a t q u a n t i t y by 
••vhich the v e r t i c a l i n t e n s i t y has to be m u l t i p l i e d i n o rder t o g i v e the r a t e 
o f passage o f rnuons through the th ree s c i n t i l l a t i o n coun te r s . Due to bending 
o f the p a r t i c l e s i n the magnetic f i e l d t h i s q u a n t i t y i f a f u n c t i o n o f momentun-, 
and consequently i t s d e t e r m i n a t i o n i s d i v i d e d i n t o t\ro p a r t s . I n the f i r s t 
case p a r t i c l e s w i t h an assumed i n f i n i t e momentum are considered (which 
t h e r e f o r e , n e g l e c t i n g m u l t i p l e s c a t t e r i n g , t r a v e l i n s t r a i g h t l i n e s ) , and 
i n the second, bending o f the p a r t i c l e s i n the plane pe rpend icu l a r to the 
magnetic f i e l d l i n e 3 i s cons idered and the acceptance r e l a t i v e to t h a t w i t h 
i n f i n i t e momentum c a l c u l a t e d . I n the c a l c u l a t i o n o f both these e f f e c t s the 
v a r i a t i o n o f muons i n t e n s i t y : .vith z e n i t h angle has been n e g l e c t e d . Shown 
i n f i g u r e E . l i s t i e tnuon i n t e n s i t y as a f u n c t i o n o f z e n i t h angle f o r a number 
o f d i f f e r e n t momenta (Coates, 1967). As can be seen f o r momenta > 2 0 CieV/c, 
which are i m p o r t a n t f o r the momentum spectrum measurements, the v a r i a t i o n 
i s no t more than - I f " a t 6° , the mean angle o f i nc idence . iJven f o r the 
abso lu te r a t e experiment i n which the lowes t momentum i s ~ 7 Gev/c, the 
v a r i a t i o n w i t h z e n i t h angle i s s t i l l sma l l a t these near v e r t i c a l angles , 
a.nd i t s omiss ion in t roduces n e g l i g i b l e e r r o r i n t o the r e s u l t s . The e f f e c t 
o f m u l t i p l e s c a t t e r i n g on the acceptance, which has been shown to be smal l 
i n chapter 7 w i t h zero f i e l d i n the mag-net b l o c k s , i s a lso neg lec ted i n the 
acceptance c a l c u l a t i o n s , 
( a ) I n f i n i t e !•'omen turn Acceptance. 
Consider f i g u r e B . 2 ( a ) which show3 the passage o f a muon through the 
upper and lower s c i n t i l l a t i o n coun te r s , A and 3 be ing the p o i n t s o f i n t e r -
s e c t i o n w i t h each r e s p e c t i v e l y . The two counters have been assumed to be 
represented by p lanes , the a c t u a l s epa ra t i on o f which i s i l l - d e f i n e d due to 
the f i n i t e t h i ckness o f the s c i n t i l l a t o r s , and. in t roduces an e r r o r i n t o 
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FIGURE B.1 Variation of Muon Intensity with Zenith Angle 
(after Coates ,1967) 
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For the purpose o f c a l c u l a t i n g the acceptance the nsuon t r a j e c t o r y i s 
d i v i d e d i n t o the tv.o planes a t r i g h t angles to each other a3 shown i n f i g u r e 
?.2 ( a ) , and since the two are independent they can be considered separately. 
• { ^ and are defined as the p r o j e c t e d angles the t r a c k makes to the v e r t i c a l 
i n the f r o n t and side planes r e s p e c t i v e l y , the l a t t e r being i n the d i r e c t i o n 
o f the magnetic f i e l d l i n e s , and the former perpendicular to t h i s . 
Figure B.2(b) shows a two dimensional p i c t u r e o f e i t h e r o f the two 
planes. The acceptance at an angle i s then represented by the distance x, 
and from simple geometrical c o n s i d e r a t i o n s car. be shorrn t o be given by : 
x = w c o s ^ - h s i n A B . l . 
thus the tvfo dimensional acceptance can be w r i t t e n as: 
fSmax 
A 2 = 2 (wcosA- h s i n A) dA B.2. 
0 
= i o n " 1 (*tS where A t a  (r-) and the f a c t o r two axises since the i n t e g r a t i o n vraax x h ' B 
i s taken from 0 to •& instead o f - A to + A . E v a l u a t i n g t h i s i n t e g r a l 
max vmax max " 
and s u b s t i t u t i n g f o r A gives: 
[ ( h 2 + w 2 ) * - h ] A 2 = 2 I (h + w  * - h | i i o . 
Assuming t h a t both planes are independent, then the t o t a l three 
dimensional acceptance can be w r i t t e n , using the s u b s c r i p t s 1 and 2 to 
r e f e r to the two planes, as 
r ax r&jnax A i t V d M A 2 ^ dd2 B.4. 
nhich reduces to : 
AyA [ ( h 2 - V ^ 2 ) ^ - h J • [ ( h 2 + W 2 2 ) ^ - h ] B.5. 
Due to the f i n i t e thickness o f the s c i n t i l l a t o r s , the distance h i n 
the above equations i s not w e l l d e f i n e d . C l e a r l y i t i s not the centre t o 
centre distance between the s c i n t i l l a t o r s , since p a r t i c l e s a t l a r g e angles 
Assumed Position of the Effective 
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FIGURE B.3 The Infinite Momentum for Different Positions of the 
Effective Scintillation Counter Plane. 
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could pass through the corners and s t i l l t r i g g e r the counter. 
E q u a l l y w e l l the separation i s not t h a t of the i n 3 i d e 
edges- as the p a r t i c l e s must pass through a f i n i t e distance o f s c i n t i l l a t o r . 
Figure 3 .3 summarises the s i t u a t i o n , shoeing the acceptance c a l c u l a t e d from 
equation B.5 f o r d i f f e r e n t positions o f the e f f e c t i v e plane, the; inverse being-
taken f o r the lower s c i n t i l l a t o r ( i . e . distances above the centre p l a n e ) . 
Examination o f t h i s f i g u r e , together w i t h a reasonable estimate o f hoir much 
s c i n t i l l a t o r has t o be traversed before t r i g g e r i n g the counter, leads to the 
p 
value o f 408 +_ 2 cm" sr f o r the i n f i n i t e momentum acceptance, the e r r o r s 
being given by the p o s i t i o n s of the arrov;s i n f i g u r e B.3 find represent an 
estimate o f the e r r o r on the p o s i t i o n of the e f f e c t i v e plane, 
(b) R e l a t i v e Acceptance. 
I n order to c a l c u l a t e the r e l a t i v e acceptance one only needs to consider 
the plane p e r p e n d i c u l a r t o the magnetic f i e l d , l i n e s i n vrhich the p a r t i c l e 
i s bent. The procedure was to use a computer s i m u l a t i o n o f events i n c o r p o r -
a t i n g the methods o u t l i n e d i n Appendix A. P a r t i c l e s o f a given incidence 
angle and momentum were considered, and the e x t e n t o f l a t e r a l movement p o s s i b i 
f o r the t r a j e c t o r y to remain w i t h i n each o f the three s c i n t i l l a t o r s , and 
w i t h i n the magnet blo c k s , vias ascertained. Thus e f f e c t i v e l y a channel 
i s d e f i n ed i n rrhich the p a r t i c l e can pass and t r i g g e r a l l three s c i n t i l l a t i o n 
counters. The p r o j e c t i o n o f the width o f t h i s channel on the plane normal 
to the d i r e c t i o n o f incidence o f the p a r t i c l e i s a measure o f the r e l a t i v e 
acceptance f o r t h a t p a r t i c u l a r angle end momentum. Figure 3.4 summarises 
the s i t u a t i o n f o r a t r a j e c t o r y bounded by the edges o f the middle and the 
lower s c i n t i l l a t o r s . The distance x d i v i d e d by the .vidth o f the s c i n t i l l a t o r 
(75 cm.), i s the r e l a t i v e acceptance. Repeating t h i s procedure f o r d i f f e r e n t 
angles and momenta enables the r e l a t i v e acceptance i n t e g r a t e d over a l l angles, 
as a f u n c t i o n o f momentum to be determined. Table 3.1 gives thft r e l a t i v e 
.values obtained f o r p a r t i c u l a r moments, snd these s.re p l o t t e d i n f i g u r e B .5 . 
I n c i d e n t 
'.•'often turn 
GeV/c 
Re l a t i v e 
Acceptance 
I n c i d e n t 
Momentum 
CieV'/c 
R e l a t i v e 
Acceptance 
7.8 0.014 12.5 0.764 
8 0.055 15 0.662 
s.5 0.177 20 0.935 
o C.293 40 0.937 
9.5 0.400 SO 0.996 
0.500 100 1.000 




f o r var i o u s va.1 i;e s o f n.omentum 
\ 
L E V E L 
i 5 
Limits of Lateral 
Displacement of 
Track Possible 





< 1 1 
FIGURE B.4 A Typical 
Curved Trajectory of a 
Muon through the Spect-
rograph. 
The Distance x is Prop-












h i OA 
r 
i i 0.2 
| -: i 
OP 
10 100 1000 
MUON INCIDENT MOMENTUM GcV/c 
F IGURE B.5 The Overall Relative Acceptance 
121 
AFPEHDIX C 
IHJLTIPLS COULOIR SCATTERING Hi THE IRC:! 
In i t s passage through the i r o n the inuon i s sc a t t e r e d many tiroes by 
the i r o n atoms causing- i t s path to deviate from a s t r a i g h t l i n e . The p r o b a b i l i t y 
o f a p a r t i c l e which s u f f e r s no energy loss being s c a t t e r e d i n t o a p r o j e c t e d 
angle •& to •& + d<&, and a p r o j e c t e d l a t e r a l displacement y to y + dy i s 
given, by Rossi and Greisen (1942), as: 
P ( t . y.a) - ^ e x p 
2 IT t 
-0) 
Vt t V j 
G.l. 
inhere t i s the distance t r a v e l l e d i n the i r o n ( r a d i a t i o n l e n g t h s ) and 
U)= (2pp/Ss), p being the rnuon's momentum, and iJs a constant having- the 
value 21.2 .'.TeV/c. I n t e g r a t i o n o f equation C . l . w i t h respect to both $ .r.nd 
y s e p a r a t e l y shows t h a t the r e s u l t a n t d i s t r i b u t i o n s i n y and r e s p e c t i v e l y 
are gaussian v f i t h means o f zero, However i f a p a r t i c u l a r value of y ( o r •& ) 
i s taken then the r e s u l t a n t d i s t r i b u t i o n i n ( o r y ) i s not £aus3ian about 
a mean o f zero and may be exaniined, f o r example f o r the case o f a f i x e d value 
°f y» w r i t i n g equation C.l. a3 f o l l o w s : 
f(t,y,-&) = G exp 4- (u-«>2*t2) C.2. 
where C, st , and X are constants. Expanding equation C.2. and equating the 





C l e a r l y then the r e s u l t a n t d i s t r i b u t i o n i s gaussian i n ft about the mean 
value 3i'/2t, and has a standard deviation,Ok f given by : 
I t i s i n t e r e s t i n g to note t h a t t h i s standard d e v i a t i o n i s e x a c t l y h a l f t h a t 
found when the sum over a l l values o f y i s taken (see Rossi and Greisen). 
The treatment in the present work used Lonte Carlo s i m u l a t i o n s o f 
muons through the spectrograph based upon equations C.2, C.~*<, and U.4. I n 
order to take account o f the l o s s o f energy o f the muon i n the i r o n blocks, 
they are d i v i d e d i n t o s e v e r a l l a y e r s ( ~50) «i'e "the energy i s assumed constant 
i n each l a y e r , the c o r r e c t amount o f energy being subtracted between each. 
At the top of each l a y e r the i n c i d e n t angle and p o s i t i o n are known, and the 
increments i n these caused by m u l t i p l e s c a t t e r i n g i n the l a y e r are c a l c u l a t e d 
from the above equations and added to give the outgoing angle and p o s i t i o n . 
The procedure f o r c a l c u l a t i n g the increments i n the l a y e r s , was i n i t i a l l y 
to s e l e c t a l a t e r a l displacement ( y ) from a gaussian d i s t r i b u t i o n n i t h 
a standard d e v i a t i o n , Oy, given by Hossi and Greisen as: 
* 2 t 5 
6 p p 
which i s the t o t a l o v e r a l l p o s s i b l e s c a t t e r e d angles, then using t h i s 
value o f y t o s e l e c t an angle •*) from another gaussian d i s t r i b u t i o n having 
a standard d e v i a t i o n O^ . and a mean value o f 3y/2t as given i n equations 
C.4 and C.3 r e s p e c t i v e l y . I n t h i s way p a r t i c l e s can be f o l l o w e d through 
the spectrograph and the co-ordinates found a t the measuring l e v e l s . 
C l e a r l y the method can also be extended t o also include magnetic bending 
by adding, as w e l l as the s c a t t e r i n g increments, also the magnetic d e f l e c t i o n 
increments as given i n Appendix A, a t each step. This method has been 
used, t o c a l c u l a t e the e f f e c t o f s c a t t e r i n g upon the d e f l e c t i o n s observed 
f o r d i f f e r e n t momenta. Events o f given momenta were simulated ir. the 
spectrograph i n the manner described, and the d i s t r i b u t i o n s i n d e f l e c t i o n 
(as defined i n chapter 2) wore c a l c u l a t e d . Thes>e d i s t r i b u t i o n s were found 
TJ 
m ._ *•» J-» 
if) cJ 
c w 
u £ V) -o o -C ^  • t-
H - C ° 













-I I ll • I 
4 f i s f 
i 1 1— i — i —t— i — r 
10 20 50 
INCIDENT MOMENTUM GoV/C 
100 
FIGURE C.1 The Effect of Multiple Scattering on the Deflection. 
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t o be very c l o s e l y gaussian centred upon the mean value observed w i t h o u t 
s c a t t e r i n g . 7igure G.l shows values of the r a t i o s o f the s c a t t e r i n g standarc 
d e v i a t i o n s to the magnetic d e f l e c t i o n s w i t h o u t s c a t t e r i n g , where i t can be 
seen t h a t the r a t i o i s very n e a r l y independent of momentum, and has a value 
12"' at the mean momentum ( ~15 3eV/c) of the i n c i d e n t spectrum. Consequently 
the value of 12'' has been used i n the present work i n c a l c u l a t i n g the e f f e c t 
on the spectrum i n sect i o n J.5.1. I t i s to be noted t h a t the magnetic 
d e f l e c t i o n s used i n c a l c u l a t i n g the data shown i n f i g u r e G.l were those 
corresponding t o (b-a) = 0 whenever possible as explained i n s e c t i o n 2.8 .2 . , 
since these were the vaiues used i n the momentum d e f l e c t i o n r e l a t i o n given 
i n s e c t i o n J.2.1. At the very low aiomenta (<10 'JeV/c) i t i s found t h a t 
the esse w i t h (b-a) = G i s not accepted by the spectrograph, wnd consequently 
the values o f magnetic d e f l e c t i o n used v;ere those corresponding to the 
maximum i n the v a r i a t i o n ^ acceptance w i t h incidence angle, 'i'his however 
introduces n e g l i g i b l e e r r o r s since a t these low momenta, the v a r i a t i o n o f 
d e f l e c t i o n w i t h i n c i ent angle i s very small. 
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